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We study the effects of partial cross ownership (PCO) among rival firms
on their incentives to innovate. PCO in our model gives rise to a price
effect due to its effect on price competition and hence on the marginal
benefit from investment, as well as a cannibalization effect which arises
because each firm internalizes part of the negative externality of its
investment on the rival’s profit. We show that overall, PCO may ben-
efit or harm consumers depending on the size of the PCO stakes, their
degree of symmetry, the size of the innovation, its marginal cost, and
whether it is drastic or not.

I. INTRODUCTION

Many industries feature a complex web of partial cross ownership (PCO)
among rival firms. Examples include the Japanese and the U.S. automobile
industries (Alley [1997]; Ono etr al [2004]), the Dutch Financial Sector
(Dietzenbacher er al. [2000]), the Nordic power market (Amundsen and
Bergman [2002]), and the global steel industry (Gilo ez al. [2006]). Nitta [2008]
reports that cross-shareholding, that is, situations in which two firms mutu-
ally own each other’s shares, accounted for 13%—15% of the shares of public
firms listed in the Tokyo, Osaka, and Nagoya stock exchanges during the
1990s, and remained above 8.5% by 2006.!
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I A related, but in general distinct, phenomenon is common ownership: cases where firms have
common shareholders. Common ownership has attracted a lot of attention recently and there
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While horizontal mergers are subject to substantial antitrust scrutiny,
passive investments in rival firms were either granted a de facto exemption
from antitrust liability, or have gone unchallenged by antitrust agencies in
recent cases (Gilo [2000]). Rock and Rubinfeld [2018] argue that the DOJ
and the FTC generally have not challenged partial equity acquisitions of
less than 20% with no evidence of control. This lenient approach is due to
the courts’ interpretation of the exemption for stock acquisitions “solely for
investment” included in Section VII of the Clayton Act and the fact that
acquisitions of PCO stakes do not involve a conspiracy in restraint of trade
and hence cannot be condemned under Section 1 of the Sherman Act (Rock
and Rubinfeld [2018]).

Recently though, the European Commission has began to question the
lenient approach towards passive investments (e.g., European Commission
[2013]) and stated that “significant harm to competition and consumers can
occur not only from acquisitions of control, but also from structural links.”?
Indeed, the early literature on PCO has shown that horizontal PCO among
rival firms can soften competition in the Cournot model (Reynolds and
Snapp [1986]; Flath [1991, 1992]; Bolle and Giith [1992]; Reitman [1994]; Diet-
zenbacher et al. [2000]) or the Bertrand model (Shelegia and Spiegel [2012]),
and can facilitate collusion in an infinitely repeated Cournot model
(Malueg [1992]) or infinitely repeated Bertrand model (Gilo et al. [2006]).3
Moreover, vertical PCO (with and without control) among upstream and
downstream firms can lead to upstream and downstream foreclosure (e.g.,
Baumol and Ordover [1994]; Reiffen [1998]; Greenlee and Raskovich [2006];
Spiegel [2013]; Hunold and Stahl [2016]; Levy et al. [2018]) and can also raise
prices and harm consumers without foreclosure (Flath [1989]; Fiocco [2016];

is a lively debate about its competitive implications. See for instance, Azar et al. [2018], Anton
et al. [2022], Backus et al. [2021a, 2021b], and Banal-Estaiol ez al. [2020]. Huse e? al. [2024] study
both cross and common ownership in the global automobile industry, over the period 2007-2021,
and find that common-ownership links constitute between 31% and 39% of the equity owner-
ship of automobile manufacturers, while cross-ownership links amount to 6% and 9%; however,
accounting for cross-ownership links can increase the average weight assigned by managers to
the profit of competitors by between 33% and 68%.

2 The commission also mentioned common shareholding theory of harm in two recent merger
reviews (Dow/DuPont in 2017 and Bayer/Monsanto in 2018), albeit it did not formally rely on this
theory of harm in its final decisions. See Burnside and Kidane [2020]. Interestingly, the commis-
sion approved the two mergers subject to divestitures of major businesses and assets, including
R&D organizations, and argued in its Dow/DuPont decision that “the presence of significant
common shareholding is likely to negatively affect the benefits of innovation competition for firms
subject to this common shareholding.” See European Commission case M.7932 — Dow/DuPont,
Paragraph 2351 and case M. 8084 — Bayer/Monsanto.

3 Malueg [1992] shows that PCO can also hinder collusion in a repeated Cournot model, but
when it does, firms should have no incentives to acquire ownership stakes in one another in the
first place.
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Hunold and Schliitter [2021]).* The picture that emerges from this literature
is that PCO generally has adverse unilateral and coordinated competitive
effects.” This picture has received some empirical support (e.g., Dietzenbacher
et al. [2000]; Brito et al. [2014]; Nain and Wang [2016]; Heim et al. [2022]).

A more recent literature, which we discuss in detail below, studies the effects
of horizontal cross and common ownership (the two are often labeled “over-
lapping ownership”) on innovation. It shows that overlapping ownership may
promote investments in innovation and thereby benefit consumers. Our paper
belongs to this literature. We consider a Bertrand duopoly in which firms hold
PCO stakes in each other and choose how much to invest before setting prices.
Investments in our model can be in either process or product innovation and
they either succeed or fail.

Importantly, we allow firms to hold asymmetric PCO stakes in each other
and we are interested in finding how an increase in the stake that one firm
holds in the rival affects investments and prices and ultimately consumer sur-
plus.® In particular, we assume that firm 7’s stake in firm j, a;, is (weakly)
larger than firm j’s stake in firm i, a;, and establish sufficient conditions for an
increase in a; (Which makes the PCO structure more asymmetric) to harm con-
sumers, and a sufficient condition for an increase in a; (which makes the PCO
structure more symmetric) to benefit consumers. The results are driven by two
effects. The first effect, which we term the “price effect” of PCO, arises because
an increase in @; induces firm 7 to be softer as it internalizes part of the negative
externality it imposes on firm j. This boosts firm j’s profit, but lowers firm #’s
profit, and consequently firm j has a stronger incentive to invest, whereas firm
i has a weaker incentive to invest.” At the same time, investment cannibalizes
the rival’s profit, so an increase in a; weakens firm /’s incentive to invest. We
term this the cannibalization effect of PCO. We explore how the two effects
play out in equilibrium and explore the implications for consumers’ welfare.

4 PCO among vertically related firms can also have pro-competitive effects. For instance,
Flath [1989] shows that partial forward integration can relax the double marginalization problem
and thereby lower prices and benefit consumers. By contrast partial backward integration may
have the opposite effect.

> Ma et al. [2021] consider a Cournot setting where firms have asymmetric marginal costs and
one firm invests in rivals. They show that while this one-sided PCO softens competition and hence
harms consumers, it can also enhance total welfare if the acquiring firm has a high marginal cost.
The reason is that the acquirer cuts its output level whereas rivals expand, so overall production
becomes more efficient.

6 We study the effect on consumer surplus as most antitrust agencies, including the US, the
EU, and the UK, use the consumer welfare standard (see OECD [2012], pp. 26-27).

7 In our Bertrand setting, marginal cost is either c if a firm does not innovate or 0 if it does.
Absent PCO, a firm earns a profit only if its investment succeeds and the rival’s investment fails.
The sole innovator then, charges ¢ and (by a tie-breaking rule) serves the entire market. When
firm j holds a stake in firm i, it is better off allowing firm i to serve the entire market (at 0 cost)
and sharing firm /’s profits than undercutting firm 7 and serving the market itself (at a cost ¢). As
a result, firm 7 can raise its price in equilibrium above ¢. Firm j then shares some of this profit
due to its PCO stake.
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We then consider the case where firms face a unit demand function and
explore the effect of PCO on consumers in more detail. Absent PCO, the inno-
vation in our model is non-drastic: a sole innovator cannot act as an uncon-
strained monopolist. However, due to the price effect of PCO, large enough
PCO stakes make the innovation drastic. That is, whether the innovation is
drastic or not depends in our model directly on the size of the PCO stakes.

When the PCO stakes are sufficiently small to ensure that the innovation is
non-drastic, an increase in the larger stake, a; (which leads to a more asym-
metric PCO structure), unambiguously harms consumers. By contrast, an
increase in the smaller stake, a; (which makes the PCO structure more sym-
metric), benefits consumers when the cost of innovation is sufficiently low, but
harms consumers otherwise.

When the PCO stakes are sufficiently large to make the innovation drastic,
a sole innovator already charges the monopoly price, so a further increase
in the PCO stakes does not give rise to a price effect. An increase in «; or a;
can benefit consumers in this case if the cost of innovation is sufficiently high
or the lower bound on the PCO stakes is sufficiently large. When the cost of
innovation is small, an increase in @; surely harms consumers, but an increase
in a; can still benefit consumers. We also show that in the neighborhood of
a symmetric PCO structure, an increase in a; or a; benefits consumers when
the cost of innovation is large and harms them when it is low.

Our analysis highlights the fact that PCO may benefit consumers by soften-
ing price competition which in turn may promote innovation. One may then
wonder how PCO performs relative to other arrangements intended to boost
investments by softening competition, like outright collusion in the product
market (semicollusion), a research joint venture (RJV), or a full merger. We
consider symmetric PCO which is sufficiently large to ensure that the innova-
tion is drastic, and show that it leads to more investment than semi-collusion
or an RJV and may also lead to more investment than a full merger. We also
show that PCO benefits consumers more than semicollusion or a full merger
and can also benefit them more than an RJV.

The rest of the paper is organized as follows. In Section 11, we review related
literature, and in Section 11, we present the model and characterize the equi-
librium absent PCO. In Section IV, we characterize the equilibrium with PCO,
and in Section V, study the welfare implications of PCO. In Section VI, we
consider the unit demand case in order to shed more light on the welfare impli-
cations of PCO. In Section VII, we compare PCO with semicollusion, RJV’s,
and full mergers. In Section VIII we conclude. All proofs are in the Appendix.

II. RELATED LITERATURE

As mentioned above, our paper belongs to the small literature that studies
the effects of horizontal overlapping ownership (both cross and common
ownership) on innovation. Unlike the early literature which studies the effects
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1401

of overlapping ownership on price or quantity competition, here firms first
invest in R&D and only then compete in the product market. Ideally, papers
in this literature should allow for a general ownership structure, a general
R&D process, and a general model of product market competition. Given
the difficulty of deriving results with a very general model, papers in this
literature have made progress by simplifying some of these aspects.

Lopez and Vives [2019] consider a fairly general n-firm Cournot oligopoly
model, but assume a deterministic cost-reducing R&D process and a sym-
metric overlapping ownership structure. They show that if demand is not too
convex, an increase in the symmetric level of overlapping ownership increases
investments and output when R&D spillovers are sufficiently high, increases
investments and decreases output when R&D spillovers are intermediate, and
decreases investments and output when R&D spillovers are low.8

Stenbacka and Van Moer [2023] consider a duopoly model with stochastic
product innovation, but like Lopez and Vives [2019] assume that the overlap-
ping ownership structure is symmetric. They show that an increase in the sym-
metric level of overlapping ownership can improve welfare even without R&D
spillovers because it softens competition and therefore boosts the marginal
benefit from investment. By contrast, the marginal benefit from investment in
process innovation is proportional to output, so when competition is softer
and firms cut output, they also have a weaker incentive to invest.

Bayona and Lopez [2018] consider a Hotelling duopoly model with
possibly asymmetric common ownership, but consider a deterministic
quality-enhancing R&D process.” They show that if the controlling share-
holder of firm 7 holds a larger stake in firm j than the controlling shareholder
of firm j holds in firm 7, then firm 7 invests less and may also set a higher price
than firm j.!° Moreover, consumer and total surplus may increase or decrease
when only one controlling shareholder holds a stake in the rival, but they are
always lower under symmetric common ownership.!!

Antoén et al. [2021] consider an n-firm Cournot oligopoly model with dif-
ferentiated products and linear demand functions with possibly asymmetric

8 These results are robust to a Bertrand model with differentiated products in which R&D
levels are chosen before output levels. Also see Vives [2020] for an overview of the results.

9 Although they allow common ownership to be asymmetric, they only study the welfare impli-
cations of either symmetric common ownership or common ownership in only one of the two
firms.

10 Specifically, they assume that investments deterministically increase the base utility that con-
sumers receive and show that firm 7 sets a higher price than firm j if and only if the ratio of the
marginal effect of investment on quality to the transportation cost is sufficiently low.

11 Li and Zhang [2021] study a related model, where firms first choose locations (possibly out-
side the Hoetlling line) and then compete by setting prices. They show that an increase in the
symmetric overlapping ownership level harms consumers because it induces firms to move fur-
ther apart (outside the Hotelling line) and set higher prices. While there are no investments in
quality in their model, the choice of locations outside the Hotelling line increases transportation
costs and is akin to a decrease in quality.
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1402 SANDRO SHELEGIA AND YOSSI SPIEGEL

common ownership, but consider a deterministic cost-reducing R&D process.
They show that an increase in the weight that firm 7 assigns to firm j’s profit
increases firm i’s R&D investment if and only if technological spillovers are
sufficiently large relative to the degree of product differentiation. They pro-
vide empirical support for this result using data on patent citations of publicly
listed US corporations.!?

Ghosh and Morita [2017] also consider an n-firm Cournot oligopoly, but
with homogeneous products. All firms have the same constant marginal cost
¢, except for firm 1 whose marginal cost is ¢ — x. They show that if firm 1
acquires a sufficiently large ownership stake in firm 2, it has an incentive to
transfer knowledge to firm 2, which lowers firm 2’s marginal cost to ¢ — x.'3
The PCO of firm 1 in firm 2 softens competition between firms 1 and 2, but
may induce other firms to become more aggressive. They find that an endoge-
nously determined level of PCO of firm 1 in firm 2 can increase total surplus
and even consumer surplus.

Our paper differs from the above papers in that we consider a fairly sim-
ple model of product market competition (albeit under PCO, the Bertrand
model is less simple than one may think) but allow the ownership stakes that
the two firms hold in each other to be asymmetric and consider a stochas-
tic R&D process which could be viewed as either process or product inno-
vation. Our modeling choice is motivated by the following considerations.
First, models with symmetric ownership structure can, by design, only exam-
ine the competitive implications of an increase in the weights that all firms
assign to the profits of all other firms by the exact same amount. By con-
trast, we can study the competitive implications of an increase in the stake that
one firm holds in a rival, holding fixed the rival’s PCO stake. This compara-
tive statics exercise is policy relevant because, in practice, antitrust agencies
evaluate acquisitions of ownership stakes one at a time. Moreover, we show
that the welfare effects of PCO depend, among other things, on how sym-
metric or asymmetric the PCO structure is. For example, when consumers
have a unit demand function and the PCO stakes are symmetric and suffi-
ciently low to ensure that the innovation is non-drastic, an equal increase in
both stakes always harms consumers, whereas a unilateral increase in only the
smaller stake can enhance welfare if the marginal cost of investment in R&D is
sufficiently small.

12 §pecifically, they find that an increase in common ownership is associated with a decrease
in citation-weighted patents when products are sufficiently close substitutes, but an increase
in citation-weighted patents when technology spillovers are relatively large. Lewellen and
Lowry [2021] find that mergers of financial institution caused substantial and lasting increases
in common ownership, but they find no significant effects of common ownership on either firm
profitability or firm R&D.

13 While their paper is not, strictly speaking, about innovation, one can view the technology
transfer as a cost-reducing “innovation” because it allows firm 2 to lower its cost.
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Second, we consider a stochastic R&D process, which can either suc-
ceed or fail, rather than a deterministic R&D process as in Lopez and
Vives [2019], Bayona and Lépez [2018], Anton et al. [2021], and Ghosh
and Morita [2017]. This difference is important because a deterministic
R&D process leads to lower costs (or higher quality) and unambiguously
benefits consumers. By contrast, in the presence of PCO, an increase in
R&D investments in our model is a double-edge sword from consumers’
point of view: although it increases the likelihood that both firms inno-
vate, which benefits consumers, it may also increase the likelihood that
only one firm innovates, which harms consumers due to the price effect
of PCO.

Our paper is also related to the literature that studies the effects of horizon-
tal mergers on investments in innovation, (e.g., Federico et al. [2018]; Jullien
and Lefouili [2018]; Motta and Tarantino [2021]). PCO can be viewed as a
“partial merger,” in which firms remain independent entities but still inter-
nalize part of their externality on rivals.

III. MODEL

Two firms produce a homogeneous good at a constant marginal cost, ¢ > 0,
and face a downward sloping demand Q(p). The strategic interaction between
the two firms evolves in two stages. In stage 1, each firm i decides how much to
invest in an innovation which either succeeds with probability 4; or fails with
probability 1 — A,. If the innovation succeeds, marginal cost drops to 0, and if
it fails, marginal cost remains c¢. The parameter ¢ then reflects the size of the
innovation.'* We assume that 4; is a choice variable for the ﬁrgn and refer to
it as “firm #’s investment level.”!> The cost of investment is k—;’ where k > 0
is the slope of the marginal cost of investment.

In stage 2, the two firms observe each other’s marginal costs and simultane-
ously choose prices. Consumers buy from the lowest price firm; if both firms
charge the same price, consumers buy from the more efficient firm.'¢ If firms
are equally efficient, consumers randomize between them.

14 Alternatively, we can normalize marginal cost to 0 and assume that if the innovation suc-
ceeds, the willingness of consumers to pay shifts up by a constant ¢. That is, the innovation
in our framework can be viewed as either process or product innovation. While the two for-
mulations are isomorphic, we will use the process innovation interpretation for the sake of
concreteness.

15 Strictly speaking though, 4; is the probability that firm i innovates successfully.

16 The latter assumption is standard (see e.g., Deneckere and Kovenock [1996]). If consumers
are also strategic players, this is actually a result rather than an assumption, because if consumers
buy from the less efficient firm when prices are the same, the more efficient firm can undercut the
less efficient firm slightly. Hence, a Nash equilibrium exists only if consumers buy from the most
efficient firm when both firms charge the same price.
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1404 SANDRO SHELEGIA AND YOSSI SPIEGEL

We now make a few assumptions about the Q (p), ¢, and k.

Al 7 (p) = pQ (p) (the profit of a monopoly when marginal cost is 0 and price
is p) is quasi-concave and has a unique maximizer p”

A2 €' (p) > 0, where € (p) = —£ g(p(’))) is the elasticity of demand

A3 c<p” <2c

Ad k> 7" =p"Q (™)

Assumptions Al and A2 ensure that the demand function behaves “nicely.”
Assumption A3 implies that absent PCO, the innovation is non-drastic in the
sense that a firm cannot act as an unconstrained monopolist when it innovates
and the rival fails.!” As we shall see below, with PCO, the innovation becomes
drastic for sufficiently large PCO stakes. Assumption A4 ensures that the equi-
librium choices of 4; and 4; are below 1 (recall that 4; and 4; are probabilities).

Our Bertrand setting is a special case of the Aoki and Spiegel [2009] model
of stochastic R&D competition, where the stage 2 profit of each firm is

z,, if both firms innovate successfully, z,,, if both firms fail, x,, if the ﬁrm
innovates and the rival fails, and z,,, if the firm fails but the rlval mnovates
In our Bertrand setting, z,,, = = (p) > 0=z, = nx,, = r,, We chose to work
with this setting because in the more general setting, PCO affects all stage 2
profits, = Tyns Fyys Touns and 7, so the model becomes too complex to analyze,
especially since we focus on asymmetric PCO structure and cannot invoke
symmetry to simplify the analysis.!?

We end this section with a characterization of the equilibrium in the no
PCO benchmark. When both firms innovate, their marginal cost is 0 and they
charge a price of 0 in stage 2. When both firms fail to innovate, their marginal
cost is ¢, and in equilibrium they charge ¢ in stage 2. In both cases, the two
firms earn 0 in stage 2. Given that the innovation is non-drastic, when firm
i innovates and firm j fails, firm i serves the entire market at a price ¢.2’ The
resulting equilibrium profit of firm 7 in stage 2 is z(c) = ¢Q(c), while firm ;’s
profit in stage 2 is 0. Hence, the expected profit of firm 7 in stage 1 is

12

(1) A (1= 24) m(o) - 7

17 For example, when demand is linear and given by Q = 4 — p, the monopoly price when the
firm innovates is 4 /2, so Assumption A3 implies that ¢ < 4/2 < 2¢ (in particular if the innovating
firm charges 4/2 the rival will be able to profitably undercut it).

18 Jullien and Lefouili [2018] and Stenbacka and Van Moer [2023] consider a similar setting,

where z,,, = x,,, = 0.

19 Aoki and Spiegel [2009] show that so long as Tyt Ty > 7y, + 7y, the R&D investments of
the two firms are strategic substitutes, which is also true in our Bertrand setting, where 7, > 0 =
=T T,

Tny v = Tun:

20 1f the innovation were drastic, firm i would choose the monopoly price, p”.
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1405

In equilibrium, both firms choose

«_ 7m0
T k+7w(c)

Given Assumption A4, k > 7™ > z (c¢), so the equilibrium is unique and
stable.”!

IV. EQUILIBRIUM WITH PCO

Now suppose that firm 7 holds a partial cross ownership (PCO) stake, a; in
firm j and firm ; holds a stake @; in firm i, where a; < a; < % These stakes are
passive and give each firm a share in its rival’s profit, but no control over the
rival’s decisions. Using I1; and I1; to denote the standalone profits of the two
firms, their overall values, including their stakes in their rival, are defined by
the following system:

V,»=Hl-+al-Vj, Vj=Hj+ajVi.

Solving the system, yields

@ . IT, + ail'[j v Hj + ajH,-
B s R e 2

Note that each firm assigns a larger weight to its own standalone profit than
to the rival’s standalone profit. Also note that although V; and V; sum up to
more than I1; + IT;, the share of “real” shareholders (not firms) in these values
is (1=a)) Vy+ (1= ) ¥V, =T, +10,

The decisions of each firm 7 are made by its controlling shareholder, whose
ownership stake is f;, where f; + ; < 1; the remaining stake, 1 — §; — a; is held
by dispersed shareholders. We assume that the controlling shareholder of each
firm does not hold a stake in the rival firm, so his objective is to maximize
p;V;. Since f; is a constant, there is no loss of generality in assuming that the
controller’s objective is to simply maximize V;.

Before proceeding, it is worth clarifying the difference between PCO and
common ownership. The latter arises when the stakes in rivals are held by the
controlling shareholders of the two firms rather than the firms themselves. To

see why it matters, suppose that firms do not hold stakes in one another, but

(1-4)r()

E and its slope in the

. . . . . 1-4;)m(c
(ﬁ~ /1-) space is above 1 in absolute value, while firm j’s best-response function is 4; = (/\ﬂ

i» 7
and its slope in the (/1,-, Aj) space is below 1 in absolute value. Consequently, the best-response
function of firm i crosses the best-response function of firm j once and from above in the interior

of the (4;, /lj-) space.

2l To see why, note that firm 7’s best-response function is 4; =
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1406 SANDRO SHELEGIA AND YOSSI SPIEGEL

the controlling shareholder of firm 7 holds a stake f; in firm j (in addition to
his stake f; in firm /) and the controlling shareholder of firm j holds a stake f;
in firm 7. Then, the objective functions of the two shareholders (who choose
the firms’ strategies) are given by

(€)
Vi= Bl + fyll ﬁ<Hi+%Hj)’ I/j=ﬂjHj+ﬂjiHi=ﬂj<H +/;H>
i J

With only two firms, (2) and (3) are essentially equivalent.?” This equivalence
however generally breaks down when there are three firms or more and the
ownership stakes are asymmetric. Then, as Gilo ez al. [2006] show, an increase
in firm 1’s stake in firm 2, say, may affect the effective weight that firm 3 assigns
to the profits of firms 1 or 2. This cannot arise under common ownership.??

It is also worth pointing out that, if in addition to PCO, the controlling
shareholder of firm 7 holds a stake f; in firm j, the shareholder’s objective
«Bithy
mwmn
Although the weight assigned to firm j’s profit now exceeds a;, conceptually
nothing else changes, which is why we set g; = g;; = 0.

As in the standard Bertrand model, when both firms innovate in stage 1
or both fail, competition drives their values to 0. To see why, suppose that
in stage 2 firm i charges a price p. If firm j undercuts p, its profit approaches

II; = (p — ¢) O(p), where ¢ = 0 if both firms innovate and ¢ = c if both firms

function specified in (2) becomes g, V; + B, V; = (ﬁl- + ajﬁij)

fail. Since I1; = 0, firm /s value is V; = @ l_C)Q(p) If firm j sets a price above p,
a;ja;

firm i serves the entire market soll; =0andIl; = ( - c) O(p), in which case,

V= W Since «; < =, undercutting p is more profitable for firm j, so

the usual Bertrand equ1hbr1um prevails.

Things are more involved when firm 7 innovates in stage 1 and its marginal
cost drops to 0, while firm j fails and its marginal cost remains ¢. Then, when
firm i charges a price p, firm j can either undercut p slightly, in which case

V= ; Ci Qa(”) or can let firm i serve the entire market at p, in which case V; =
’ el
%Q_(;). Firm j will not undercut firm i if
L)
- apQ ()
C-00@) 0w
1 —a;a; 1 —a;a; l—qa

22 While common and cross ownership are isomorphic in our duopoly setting, we will refer to
links between firms as cross ownership for the sake of concreteness.

23 Some early papers on PCO (e.g., Reynolds and Snapp [1986]; Reitman [1994]) did not make
the distinction between PCO and common ownership and while they claim that the stakes in rivals
are held by firms, the objective functions they consider are essentially similar to (3), implying that
what they actually study is common ownership rather than PCO.
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1407

When both firms charge the same price, then by assumption, consumers

buy from the more efficient firm; hence firm 7/ can charge L and serve the
]

entire market. However, if a; > ¢ = =< pn , then 1— > p’”, where p™ is the

monopoly price when marginal cost is 0, so the innovation becomes drastic
in the sense that firm i is better off charging p”".2* Assumption A3 guarantees
that 0 < o < 1/2.%

Proposition 1 in Shelegia and Spiegel [2012] implies that when firm 7 has a
lower cost than firm j, there exist multiple Nash equilibria in stage 2 of the
game. In these equilibria, firm i serves the entire market and the two firms
charge the same price p € [0,p (a;)], where

a; <o
_ 1-a;’ J ’

@ ple) =49
P @ 2 0.

Of these Nash equilibria, the only equilibrium in which firm j does not play a
weakly dominated strategy is the one where both firms charge p ( ) and firm
i serves the entire market.2° In what follows, we will restrict attention to this
equilibrium. The stage 2 profit of firm 7 in this equilibrium, as a function of
firm j’s stake, «;, is

(5) ﬁ(aj) Eﬂ'(p (aj)) — l_an(l_“j>’ @; <o,

The corresponding stage 2 profit of firm j is « (ai) (note that the stage 2 profit
of each firm depends on the rivals’s stake in the firm).

Four comments are now in order. First, when firm j does not hold a stake
in firm 4, that is, a; = 0, then p (0) = ¢ and z (0) = ¢Q (¢), exactly as in the
traditional Bertrand model.

24 Note that although pc Iz ¢ looks like a price-cost margin, in fact it is not because p”” is the
monopoly price when marginal cost is 0.

25 If Assumption A3 fails and p”” < c, then o < 0, so the innovation is always drastic even with-

out PCO; if p™ > 2¢, then 6 > 1/2, so the innovation cannot be drastic because by assumption,

1

@ <o < 3

26 To see why, consid‘er an equilibrium where p; = p; = p* € [0, V4 (a/-)). Since ﬁrrr.l i’s cost %s

0 whereas firm j’s cost is ¢, consumers buy from firm i; firm j makes no sales and its value is

@p* O(p*)
1-a;a;

(*=90(")

laal

p(a ( ) implying that a trembhng hand argument will eliminate all such equilibria.

. If firm 7 deviates upward from p*, firm j serves the entire market and its value becomes

/17 Q(/’ )

, which is below asp* <p ( ) Hence, p* is weakly dominated for firm j by
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1408 SANDRO SHELEGIA AND YOSSI SPIEGEL

Second, p’ (a;) >0 and 7’ (a;) > 0: when firm i is the sole innovator,
its price and stage 2 profit are weakly increasing with a;. Intuitively, as
a; increases, firm j is more willing to let firm 7 serve the entire market
and share its profit than undercut firm 7 and serve the market itself at a
higher cost. This allows firm i to raise its price without being undercut by
firm j.

Thlrd the threshold above which the innovation becomes drastic,
o= —, Is inversely related to the size of the innovation, c. In par-
ticular, 6 - 0 as ¢ — p™ (by Assumption A3, the innovation is then
largest), and ¢ — 1/2 as p” — 2¢ (the innovation then is smallest). Since
o < 1/2, PCO levels that are sufficiently close to 1/2 make the innovation
drastic.

Fourth, a; < «; implies that p (a;) < p (a;); since p (a;) < p™, it follows
from Assumptlon Al that 7 (a;) < 7 (a;). That is, the stage 2 profit of the
firm with the small PCO stake is higher than that of the firm with the larger
PCO stake. Moreover, 7’ (a;) > 0 and 7z’ (a;) > 0: the stage 2 profit of each
firm increases with the rival’s stake in the ﬁrm

We summarize these observations in the next lemma.

Lemma 1. The equilibrium in stage 2 is as follows:

(i) When both firms innovate in stage 1 or both fail, the equilibrium price in
stage 2 is equal to their marginal cost and their stage 2 equilibrium profits
are 0.

(ii) When firm i innovates in stage 1, while firmj fails, the unique equilibrium
in stage 2 in which firms do not play weakly dominated strategies is such
that both firms charge p ( ) and firm i serves the entire market and earns

7 (a;). Both p (a;) and 7 ( ]) are (weakly) increasing with ;. Since a; < a;,
play) <p(a) and x (o) <7 (s,

Moving to stage 1 in which firms make investment decisions, note that with
probability 4; (1 = 4;), firm i innovates and firm / fails, so firm /s stage 2 profit
s ( ) w1th probability 4, ( [), firm j innovates and firm i fails, so firm
/s stage 2 profit is ( ) The expected value of firm 7 when it chooses 4; in
stage 1 is therefore

I, I,
! k)»; k,{j?
/li(l —ij)ﬂ(aj) - 7""“:’ A1 =)z (“i) -5
V= |
1 —aa;

7
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1409

The resulting best-response function of firm 7 against firm j is given by

G

0 4> T @)’
zr(a~) a,'ﬂ'(ai) ”(a.)

(1-4) T2 -4 A<

The best-response function of firm j against firm i is analogous.

Notice that BR! (4,) < 0 and BR' (4;) <0, implying that the choices of 4,
and 4; are strateglc subst1tutes ﬁrm i invests less when firm j invests more.
Intuitively, firm ;’s investment lowers firm i’s chance to be the sole innovator,

which is the only situation in which firm i makes money in period 2. Hence,

ﬂ(a
7(a )+a]zr(a,) the
marginal benefit of firm i from investing is below the associated cost, so firm
i does not invest.

Also notice that by Lemma 1, z’ (;) > 0 and 7[]/( ;) >0, so BR, (4;) is
increasing with a; and decreasing with «;. Consequently, PCO has two dlstmct
effects on the 1ncent1ve to invest, Wthh we will refer to as the “price effect”
and the “cannibalization effect.” The price effect is due to the effect of a; and
a; on the profits of the two firms in stage 2 and hence their marginal bene-
fit of investment. In our model, each firm makes a profit only when it is the
sole innovator and this profit is increasing with the rival’s stake in the firm (the
rival then becomes softer). Specifically, an increase in a; boosts (1 — 4;) 7 (a;),
which is firm /s extra profit when it innovates (the profit is realized only when
firm j fails to innovate), while an increase in a; boosts —A;a;7 (a;), which is
firm i’s share in the negative externality of its investment on firm j.2” Hence,
the price effect of a; is positive and the price effect of a; is negative. The can-
nibalization effect of PCO arises because an increase in «; implies that firm
i internalizes a larger fraction of the negative effect of its investment on firm
J’s chance to be a sole innovator. Hence, firm i’s marginal cost of investment
increases with a;. In the Appendix we show that these properties also hold in
more general settings.

A (subgame perfect) Nash equilibrium in stage 1 is a pair (47, /1*) defined by
the intersection of BR; (4;) and BR; (4;) in the (4;, A)) space. The following
assumption ensures that the equlllbrlum in stage 1 is unique, interior, and
stable (see the Appendix for a proof):

AS [k is sufficiently large: k> k_7r( )<1 +a ”Ea’;> for all 0 <a; <
%
a; < 1/2

a larger A; weakens firm /’s incentive to invest. When 4; >

27 The negative externality reflects the idea that firm j innovates with probability A; and then
earns a profit of = (a,-) conditional on firm 7 failing to innovate. When firm i succeeds, the expected
profit A;x (a;) is lost.
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1410 SANDRO SHELEGIA AND YOSSI SPIEGEL
).j A 7(e,) ’
7(a,)+a,7(a,)
1
‘r(zxj
) z(a,)+a,x(e;)
BR,(4,)
7(a;)
k
NE
BR,(4,)
7(;) 1 A
]‘.
Figure 1

The Best Response Functions in Stage 1 and the Nash Equilibrium

Notes: [Colour figure can be viewed at wileyonlinelibrary.com]

Assumption A5 is stronger than Assumption A4. The reason is as
follows. Recalling that z (a;) is (weakly) increasing with «; and 7 (a;)
is (weakly) increasing with «;, k increases with a; and decreases with
a; and hence is maximized at «;=1/2 and «; =0. Its value then is
(1 /2)(1 + ’;(1(/02))> 7 (1/2) = z™, where the last equality follows from
equation (5) because o < 1/2 by Assumption A3.

The equilibrium in stage 1 is illustrated in Figure 1. Assumption A5 ensures
that BR, (4,) crosses BR; (4;) in the interior of (4;, 4,) space once and from
above.?® In the Appendlx we also show that Assumption A5 ensures that the
slope of BR; ( ) in the ( j) space exceeds 1 in absolute value, whereas the

slope of BRj (A ,) is below 1.

Lemma 2. The equilibrium investment levels chosen in stage 1 are given by

__ rlg)k=x(a) () +ax ()
) A= 12 = (7 (@) + @iz (o)) (7 (@) + @y ()

28 When Assumption A5 fails, there are potentially two more equilibria: in one of them only
firm 7 invests and in the other only firm j invests. Assumption A5 eliminates these equilibria and
allows us to focus on the interior equilibrium in which both firms invest.
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1411

and

®) 1= 7 (@) k=x (o) (7 (o) + a7 (o)) ’
bk (x () +am (o)) (7 (@) + @ (o))
and have the following properties:
() 0< < Aj’f, where 17 < 1/2 and il* <1
(i) ask — k.47 = 0and 2 > —=9 5 0ifa; < ayand 27 = 4 —

7 (@) +am(a;) J A AT
ifa;=a;=a,and ask — oo, 4} —>Oand/1j - 0.

Proof.  See the Appendix. u

Lemma 2 shows that the investment level of firm i, which holds the larger
PCO stake, is smaller than that of firm j (the Nash equilibrium in Figure 1
is attained above a 45° line that passes through the origin).?> Moreover, firm
i’s investment level, 17, is bounded from above by 1/2 (when k — k and «; =
a; = 0), firm j’s investment level, A7, is bounded from above by 1 (when k — £,
a; =0 and @; — 0), and both 47 and A7 tend to 0 as the slope of the marginal
cost of investment, k, tends to co. At the other extreme, as k — k, A7 = /1*
1/2 if ;= a; =0, and A7 - 0 and Aj*—>11fa =0, and a; - 0. Thelatter
result h1 ghhghts the stark difference between symmetric and asymmetric PCO
structures. Starting from no PCO’s, even a small PCO by firm 7 in firm j has
a large effect on the equilibrium investment levels. The logic for this can be

seen in Figure 1. As k — k, the vertical intercept of BR; (4), z
()
( )+(x ir(a )’

When a; - 0, _ ) 1, so 47 — 1. However, when a; = a; = a, the

( )+a,75(a1)
ko oa%k __ (@)
eq.ulllbrlum is symmetric and A} = /Ij et
this value tends to 1/2.
We now study the comparative statics of A7 and /17 with respect to the PCO
stakes. '

which is also the vertical intercept of BR; (/lj); hence 17 — 0.

when a =0 and k — £k,

Proposition 1. The PCO stakes affect the equilibrium investment levels as
follows:

(i) an increase in a; lowers A7 and increases 47, and an increase in a; lowers

F * * *

<0< and XL <0<
a a/ ]

A7 is largest and Aj’f is lowest under a symmetric PCO structure where

smceO<a <a; <

. . 0A7
/1;* and increases A% P
;
5’

29 This result is consistent with Proposition 1 in Bayona and Lopez [2018], albeit in their model,
investments are deterministic rather than stochastic as in our model.
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1412 SANDRO SHELEGIA AND YOSSI SPIEGEL

A

7 ()

,7(0(,)+a17r(aj)

7(a,)

ﬂ'(aj)+aiﬁ(ai}

Figure 2

The Effect of an Increase in a on the Nash Equilibrium

Notes: [Colour figure can be viewed at wileyonlinelibrary.com]

a; = a; and 47 is lowest and Aj’? is largest under a maximally asymmetric

PCO structure where a; — Land a; = 0;

(i) in the neighborhood of a symmetric PCO structure, where a; = @; = a <
o, /1;.‘ + A7 is increasing with a;;

(iii) when ¢ < a; < a; (the innovation is drastic) A7 + ﬂ;k is decreasing with «;
and with ;.

The effect of changes in a; and a; on the equilibrium investment levels
is illustrated in Figure 2. An increase in ¢; induces firm 7 to cut 47 due to
the cannibalization effect; hence BR; (Aj) rotates counterclockwise around

. . . T\ a; . . . .
its horizontal intercept, (k" ). At the same time, an increase in a; induces

firm j to raise A7 due to the price effect, so BR; (4;) shifts outward. The
new equilibrium, NE,| then lies northwest of the original equilibrium NE,.
Hence, at the new equilibrium, A7 is lower and A7 is higher than in the
original equilibrium. In particular, starting from a symmetric PCO struc-
ture where a; = a;, an increase in a; lowers 47 and raises ﬂ;, so eventually,

J?
% % 30
A7 < /1]..

3 Holding BR; (4;) fixed, the counterclockwise rotation of BR; (4;) around @ leads to a

lower 47 and a higher /1;. The upward shift in BR; (A,) reinforces this effect.

© 2024 The Authors. The Journal of Industrial Economics published by The Editorial Board of The Journal of Industrial
Economics and John Wiley & Sons Ltd.

UONIPUOD PU. SWR L U3 39S *[7202/2T/50] U0 ARigITaunuo ABIm * ABRAIN AIRY P - pBaIds 5S04 Aq Z6EZT RI10//TTTT'OT/I0p/0Y" A3 M ARIq1BUIUO//SARY WOI) PBPeOjUMOq ‘¥ ‘7202 ‘TSILIT

fopm A

85UBDI7 SUOLILIOD aA eI a|aedt|dde au Aq peusenoh aie sapie YO ‘8N Jo'Sa|ni J0) Arig 1T aUllUO A |IM U0


http://wileyonlinelibrary.com

HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1413

While Proposition 1(i) shows that an increase in «; decreases A7 and
increases 47, the fact that both BR; (4;) and BR; (4;) are affected makes it
hard to tell whether the change in A7 is bigger than the change in lj’f‘or vice
versa. Proposition 1(ii) shows that, starting from a symmetric PCO structure
where @; = @; = a, a small increase in a; increases A7 more than it decreases
A7. By contrast, Proposition 1(iii) shows that when «; are ¢; sufficiently high
to ensure that z (a;) = 7 (a;) = #™, a small increase in a; decreases A7 more

than it increases A;. The reason for this is that when 7 (a;) = 7 (a;) = 7",

an increase a; does not give rise to a price effect, so only BR; (/1]») rotates
counterclockwise around its horizontal intercept, while BR; (/li) stays intact.
The new equilibrium then, lies on BR; (4;); since the slope of BR; (4;) is less
than 1 in absolute value, A7 decreases by more than A7 increases.

In the next proposition, we examine how 17 and 1} are affected by changes
in k (the slope of the marginal cost of investment), ¢ (the innovation size),
and #™ (the monopoly profit that a sole innovator earns when the innovation

drastic, i.e., when ¢ < a; < @;).

Proposition 2. The equilibrium investment levels are affected by k, ¢, and
™, as follows,

(i) 47 isfirstincreasing and then decreasing with kif a; < a; and is decreasing
with k for all k > k if @; = a;, while A is decreasing with k for all k > k;
(ii) whena; < a; < o (the innovation is non-drastic) 47 + A;k isincreasing with
¢, i.e., either A7, or /1;*, or both, increase with ¢;
(iii) when o < a; < ; (the innovation is drastic), A7 and A7 are independent of
¢ and depend on z™ only through k /7", so the effect of z"” is the opposite
of the effect of k.

Proof.  See the Appendix. |

Proposition 2(i) shows that, as one might expect, an increase in the slope
of the marginal cost of investment, k, induces firm j to cut /1; Surprisingly,
however, this is not necessarily true for A7: when k is low, an increase in
k actually induces firm 7 to invest more. This counterintuitive result arises
because of the strategic interaction between the two firms. When & increases,
A¥ decreases and firm i becomes more likely to be a sole innovator, so its
marginal benefit of investment increases. Although the marginal cost of firm
i increases as well, when a < a; and k — k, A7 — 0; hence the increase in
firm i’s marginal cost, k4, is lower than the increase in its marginal benefit,
so firm i invests more. By continuity, this is also true when k is not too far
from k. As k increases further, the increase in k47 eventually outweighs the
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1414 SANDRO SHELEGIA AND YOSSI SPIEGEL

associated increase in firm i’s marginal benefit, so A7 begins to decrease with
k3" Ask — oo, A%, as well as 47, drop to 0.

The effect of k on the equilibrium levels of investment can also be seen
from Figure 1. So long as a; < a;, the best-response functions, BR; (4;) and
BR; (Ai), intersect (almost) on the vertical axis when k tends to its lower
bound k, so 47 — 0 and ﬂj’f‘ > 0. As k increases, BR; (/1j) rotates clockwise
around its vertical intercept, while BR; (/1 ) rotates counterclockwise around
its horizontal intercept, so now BR; ( ) and BR; ( ) intersect at the interior
of the ( i j) space, implying that A becomes posmve, whereas /1;‘ falls. As
k — oo, BR; (4;) and BR; (4;) intersect at the origin, so 4* = 4! = 0. Over-
all then, A7 is first increasing with k and then decreases with k, whereas A7 is
decreasing with k throughout. When a; = a;, BR, (4,) and BR, (4;) intersect
on a 45° line, but as k increases, they shift inward SO thelr 1ntersect10n moves
closer to the origin.

Proposition 2(ii) and (iii) shows that the comparative statics of A and /1;‘
with respect to ¢ depend on the size of the PCO stakes. When o; < «a; <o
(the innovation is non-drastic), an increase in c (though it cannot increase
by too much because by Assumption A3, p < ¢ < p™) implies that the
innovation confers a larger advantage on the 1nnovat1ng firm when the rival
fails. This has two implications. First, an increase in ¢ magnifies the price
effect of PCO because firm i can charge a higher price as a sole innovator
and therefore earn a higher profit. This effect encourages investment and is
stronger when «; is higher (the price effect is then stronger) and when 4; is
lower (firm i is more likely to be a sole innovator). Second, an increase in
¢ also magnifies the cannibalization effect of PCO, because then firm j also
earns a higher profit as a sole innovator, so firm i’s innovation imposes a
larger negative externality on firm j’s profit. Firm i internalizes part of this
negative externality due to its stake in firm j and hence it invests less when
@; 1s larger and when A7 is larger (firm j is more likely to innovate). While in
general, we cannot tell the net effect on A7 and /1;‘ separately, Proposition 2(ii)
shows that an increase in ¢ shifts both BR, (4,) and BR; (4;) outward, so
they intersect further away from the origin, implying that A* + /1]’.‘ increases.
Proposition 2(iii) shows by contrast that when the innovation is drastic
(e, o0 < a; < a;), an increase in ¢ does not affect 47 and A7 because in this
range, the equilibrium price of a sole innovator is independent of ¢ and
equals p™.

Proposition 2(iii) also shows that when the innovation is drastic (i.e.,
o <a; <a;), o affects A7 and /1;7 only through k/z™, and hence has the

31 For firm j, the increase in marginal cost, kﬂ* when £ increases, always outweighs the increase
in marginal benefit because, unlike 47, /1* >0 as k— k.
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1415

opposite effect of k.>* That is, A? is first decreasing and then increasing with
7™ . As in the case of k, this counterintuitive result arises because the increase
in 7" when it is small encourages firm j to invest more, thus lowering the
marginal benefit of firm 7 from investment. As z™ becomes larger, both firms
raise their investment levels when z™ increases.

V. WELFARE ANALYSIS

In this section we examine the effect of PCO on consumer surplus, which as
mentioned earlier, is the most common welfare standard in antitrust enforce-
ment. To this end, recall that in equilibrium, consumers pay 0 if both firms
innovate, ¢ if both firms fail to innovate, p (af) if only firm 7 innovates, and
p (a[) if only firm j innovates. Therefore, expected consumer surplus, as a func-
tion of the PCO stakes, ; and a;, is given by

CS (a ) = 4SO+ 27 (1= 27 ) S (p () + 4 (1= 47) S (p («)
) +(1-4) (1-@;)5@),

where 47 and /1}’.‘ are given by (7) and (8) and S (p) = jpw O(x)dx. Since 0 < a; <
a;, (4) implies that S (0) > S(¢) > S (p (e;)) = S (p («;)), with strict inequal-
ities when 0 < a; < a;.

Absent PCO, where a; = @; = 0, p (0) = ¢, consumer surplus is given by

CS(0,0) = S(c) + 4;4;(S (0) = S (¢)).

This expression is clearly increasing with 4; and 4;, implying that consumers
benefit when firms invest more. Since in equilibrium A* = ﬁ:()c) < 1, there is
too little investment from consumers’ point of view.

In the presence of PCO, however, this is no longer necessarily true. To see

why, note that

(10) W:}”jSS(O)_S(p(O‘i))Z_(I_AI)SS(C)_S(IJ(“])))/’
¢ 2

and

i T 50500 (@) - (1-4) (505 0 (a).

() (+)

(=)’
2¢0(c)’
7™ cannot increase by too much. Also, naturally, z > ¢Q (¢), so z™" cannot be too low.

32 The only caveat is that by Assumption AS, k> k=" + so holding k constant,
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1416 SANDRO SHELEGIA AND YOSSI SPIEGEL

Equations (10) and (11) show that in the presence of PCO, an increase in 4;
and 4; is a double-edge sword from the perspective of consumers: although
it increases the likelihood that both firms innovate, in which case the equi-
librium price drops to 0, it may also raise the likelihood that only one firm
innovates, which is the worst situation from consumers’ point of view because
then the price is p (a;) or p (e;) instead of 0 or c. Hence, in the presence of
PCO, innovation may either be insufficient or excessive from the perspective
of consumers. In particular, an increase in 4; boosts consumer surplus when
4; is sufficiently large because then both firms are more likely to innovate,
and likewise, an increase in 4; boosts consumer surplus when 4; is sufficiently
large. Recalling from Lemma 2 that in equilibrium, /1;‘ is particularly large
under maximal asymmetry of the PCO structure, whereas A7 is particularly

0CS((1[,(1/-)

04;
tive when the PCO structure is asymmetric and negative when it is symmetric,
0CS(a;, aj)

04

We now turn to the effect of PCO on expected consumer surplus. Straight-
forward differentiation reveals that

large when the PCO structure is symmetric, is more likely to be posi-

and conversely for

0CS (ai, aj) 0CS (ai, aj) 04 0CS (a,-, aj) 0/1;

ooy 0A o 94 Oa;
—— ——
=) (+)
(12) +47 (1=47)S" (p(a)) P’ () -

The ﬁrst term in (12) is the effect of a; on the probability that firm 7 innovates.

ar*
Since a_ < 0 by Proposition 1, the sign of this term is equal to the sign of
oCS(a;, a])

- The second term in (12) is the effect of @; on the probability that

o
firm j innovates. By Proposition 1, ’ > 0, so the sign of this term is equal

to the sign of M . The third term in (12) reflects the price effect of PCO.

Noting that S’ (p j( :)) ==0(p(«;)) <0, the price effect is negative when
a; < o because then, by Lemma 1, p’ (;) > 0, but it vanishes when «; > &
because then, firm j already charges p™ when it serves the entire market, so
there is no price effect when «; increases further.

0CS(a,~,q,~) > dCS(ai,aj)

94;

Proposition 3.  Given the equilibrium investment levels,

dCS(ai,aj)

aj

i

The following conditions are sufficient for <O0:

0CS(a, aj) ()CS((x,-,aj) .

0) T

© 2024 The Authors. The Journal of Industrial Economics published by The Editorial Board of The Journal of Industrial
Economics and John Wiley & Sons Ltd.

202>

UONIPUOD PU. SWR L U3 39S *[7202/2T/50] U0 ARigITaunuo ABIm * ABRAIN AIRY P - pBaIds 5S04 Aq Z6EZT RI10//TTTT'OT/I0p/0Y" A3 M ARIq1BUIUO//SARY WOI) PBPeOjUMOq ‘¥ ‘7202 ‘TSILIT

fopm Areiqipul

85UBDI7 SUOLILIOD aA eI a|aedt|dde au Aq peusenoh aie sapie YO ‘8N Jo'Sa|ni J0) Arig 1T aUllUO A |IM U0



HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1417

BCS(a, a/)

(ii)

(iii) acs 9CS(ayy) > 0and 47 + /1* is decreasing with a;;

<0and 4] + /l* is increasing with a;;

9CS (a;.5)

If at least one inequality in (i)—(iii) is strict or p’ (a;) < 0, then <0.

@

Proof. See the Appendix. |

Proposition 3 shows that an increase in A7 (the small investment) bene-
fits consumers more, or harms them less, than an increase in A7 (the large
investment). Perhaps more importantly, Proposition 3 provides three suffi-
cient conditions for an increase in @; to harm consumers. By implication then,
an increase in a; can benefit consumers only if the three conditions fail. The
logic behind the three conditions is as follows. An increase in «; causes a
decrease in A7 and an increase in /1;‘. Condition (i) requires that both changes
harm consumers. Condition (ii) requires that the increase in /1’.k outweighs
aCS(a;,a;)

——— < 0. By (10), the latter condition is more

the decrease in A and

likely to hold when /1’.‘ is relatively small. Intuitively, by part (i), ﬂ <0
CS(ai, )

o
the decrease in A7 beneﬁts consumers, the harm exceeds the benefit, so overall

consumers are worse off. Conversely, condition (iii) requires that the decrease

in 47 outweighs the increase in /l*f and % > 0, which by (11) holds when
7
CS(a;9))

—’f) 7 > 0, so the

decrease in A7 harms consumers ancf outweighs the associated benefit due to
the increase in A*.
The next corollary reports two special cases where the sufficient conditions

implies that <0, so the increase in )t* harms consumers. Although

47 is relatively high. By part (i), > 0 implies that 2

in Proposition 3 become tighter.

Corollary 1. Given the equilibrium investment levels,

oCS(a;. a/)
0A;
9CS (o)

(i) in the neighborhood of a symmetric PCO structure, < 0 is suffi-

0CS(a,-,q]-)
i

(i) when o < a; < a; (the innovation is drastic),

cient for < 0, with strict inequality when < 0;

1
dCS(a;,a; . .
% > 0 is sufficient for
0CS(a,-,aj)

da,

J
. o . aCS (a;a;
—= < 0, with strict inequality when % > 0.
i J

Proof. See the Appendix. |
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1418 SANDRO SHELEGIA AND YOSSI SPIEGEL

Corollary 1 shows two cases where an increase in «; surely harms con-

aCS(a;, 9CS(a;,
M % <0, and in the

neighborhood of symmetric PCO structure, the negatlve effect due to

the increase in A7 outweighs the beneﬁcial effect of the decrease in A7. In the
0CS( ) (a,,a )

T T

is drastic, the negatlve effect due to the decrease in A7 outweighs the benefit

due to the increase in A%.

So far we provided sufficient conditions for an increase in ¢; to harm con-
sumers. In the next proposition we can provide a sufficient condition for an
increase in @; to benefit consumers.

sumers. In the first case, <0 implies

second case, > 0 implies that > 0, and when the innovation

Proposition4.  Suppose thate < a; < @; (the innovation is drastic). Given the

e CS(a;. aCS(a;,
equilibrium investment levels, M < 0 s sufficient for % > 0, with
i 7
strict inequality if % < 0.
Proof. See the Appendix. u

VI. THE UNIT DEMAND CASE

To shed more light on the welfare effects of PCO in our model, we will now
consider the case where firms face a unit demand function with willingness
to pay B.** Since the monopoly price in this case is p” = B, Assumption A3
requires that ¢ < B < 2¢. The equilibrium price of firm i, p ( ;). is still given
by (4), with p™ = B. The equilibrium price of firm j, p ( ) is analogous With
a unit demand function, p («;) and p (a;) are also the standalone profits of
firms 7 and ;.

Note that now, the threshold of the PCO levels above which the innova-
tion becomes drastic is ¢ = ’? = % € (0,1/2). We will now consider two

n
cases: (i) @; < a; < o (the innovation is non-drastic), and (ii) o < &; < @; (the
innovation is drastic).3*
VI(i). Non-drastic innovation: a; < a; < ¢

The equilibrium prices in this case are p (¢;) = = and p (¢;) = —. An

1-a; I—a;
increase in PCO affects consumers both directly through the equilibrium

33 With a unit demand function, the market size is fixed. This property also holds in spatial
models of competition (e.g., Hotelling or the circular city model) under the common assumption
that the market is covered. Indeed this assumption is made in Bayona and Lopez [2018] and Li
and Zhang [2021].

34 There is also an intermediate case where a; < o < ;. This case is a hybrid of cases (i) and
(ii) and we therefore do not study it.
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1419

prices, as well as indirectly through the equilibrium investment levels. With

a unit demand function, the standalone profits in stage 2 are = (aj) = ﬁ
' —%
. . (1-aa;

and 7 (a;) = ﬁ Assumption AS5 then requires that k > k = ‘((1—”;) The
—a; —a;

. . . J—— . .
inequality can be rewritten as z > z = : a-’z, where z = k/c is the ratio of
o

)
the slope of marginal cost of investment, k, to the size of the innovation, c.
In what follows, we will refer to z as the “relative cost of innovation.” Note
that the lower bound on the relative cost of innovation, z, increases with «;

and decreases with a; and hence is highest when a; — 1/2 and «; = 0, where

its value is 4 and is lowest when a; = a; = 0, where its value is 1.
¢

Substituting 7 (@;) = -~ and z (o;) = 7~ in (7) and (8), and using the

1-a;
. oL
definitions of z and z, the equilibrium investment levels become

2(1-)?
1 —a i)
R P I Gk ) G- A’F=( a’)<(1_“")2 _>

21-q) -2(1-a) 7 2(1-w)-2(1-a)

A7 and ﬂ]’,‘ depend only on the PCO stakes, ; and @;, and on the relative cost
of innovation, z. In Lemma 2(i) and in Proposition 1(i) we already established
* oN* *

ox ; 0A* !

that 0 < A < A%, A7 <1/2, A7 <1, =L <0< =% and — > 0> —£. In the
J ! . ) / da; ) oa; 00{]-' d'a/-

next lemma we establish additional properties of A% and lj’f in the unit demand

case when a; < a; <o.

Lemma 3. Suppose that a; < @; < 0. Then,

I—a;

Fo; =

() asz—>z A7 > 0and 47 — ifa; <@ and A¥ = 1% -
= J J L i

1 .
1—a,-a_- J m !
a;=a,and as z — oo, 47 - 0 and 47 — 0;
(i) A7 + /1}k is increasing with a; and with a;;
(iii) 47 is first increasing and then decreasing with z if a; < @; and is decreasing

with z for all z > z if &; = a;, while 47 is decreasing with z for all z > z.
Proof. See the Appendix. |

There are two notable differences between Lemma 3 and Propositions 1
and 2. First, in Proposition 1 we can examine the effects of a; and a; on 47 + A
only in the neighborhood of a symmetric PCO structure or when o < «; < a;,
where PCO has no price effect. In Lemma 3 by contrast, we can study the
effects for all 0 < @; < a; < 0. Second, noting that ¢ is inversely related to z,
part (iii) of Lemma 3 shows how A% and 47 respond to changes in ¢. Hence,
while in Proposition 2 we are only able to sflow that A7 + 47 is increasing with

¢, here we can also show how c¢ affects A7 and /17 separately. In particular,
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1420 SANDRO SHELEGIA AND YOSSI SPIEGEL

ﬂ* always increases with ¢, while 17 is U-shaped in ¢. As in the case of an
mcrease in k, the latter is driven by two conflicting effects. Holding A* fixed,
an increase in ¢ raises firm 7/’s profit from being a sole innovator and hence
encourages investment. But since A¥ increases, there is a countervailing effect
as firm i has a lower chance to be the sole innovator. The second negative
effect dominates when c¢ is low, while the first positive effect dominates when
¢ is high. Firm j also faces the same two effects, but the first positive effect
dominates the second negative effect for all ¢.3

As in Lemma 2, we get here a stark difference between symmetric and
asymmetric PCO structures. In particular, when z — z, A7 = A7 - 1/2if a; =
a; =0, whereas 47 - 0and 47 - lif@; =0 and ; — 0. That 1s, even a small
asymmetry in the PCO structure can have a large effect on the equilibrium
investment levels.

Consumer surplus in the unit demand case is given by B — p; recalling that
p = 0 when both firms innovate, p = ¢ when both firms fail, p = 1_‘—% when only

firm i innovates, and p = ﬁ when only firm j innovates, expected consumer
. —4%i
surplus is therefore

CS (apa)) = B (1-47) (1- 4} )

(14) —a(1-%) — i (1= 47)

l—a;

l—aj i

We now prove the following result:

Proposition 5. Suppose that a; < a; < o. Then,

9CS (aj.a;)

() 2 < Oforall z> z;

()acs( ;)

> 0 for z sufficiently close to z, with strict inequality for a; < a;,

t)CS(aI,a )

da;

(iii) in the neighborhood of a symmetric PCO structure, M < 0 forall
./

and < 0 for z sufficiently large;

> zwith lim___ 2Sa) _ o
- TR Oy
Proof. See the Appendix. |

35 The second effect cannot be negative and dominate the first positive effect for both firms.
To see why, suppose by way of negation that it is. Then both 4} and /1* are decreasing with ¢. But

in order for the second effect to be negative for both firms, /1* and /1* must be increasing with c,

a contradiction. The reason the second effect is negative and dominates the first positive effect
for firm i and not for firm j is that in equilibrium A7 < A;‘, which implies that the second negative

effect is stronger for firm 7 than it is for firm ;.
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1421

Part (i) of Proposition 5 shows that when the PCO stakes are below ¢ so the
innovation is non-drastic, an increase in «; (which increases the asymmetry of
the PCO structure as the gap between a; and @; expands), unambiguously
harms consumers. Part (ii) shows that an increase in a; (which leads to a
greater symmetry of the PCO structure), benefits consumers when the rela-
tive cost of innovation, z, is small, but harms consumers when z is large. How
small should z be such that an increase in g still benefits consumers, depends
on the PCO structure. In particular, part (iii) of the proposition shows that
in the neighborhood of a symmetric PCO structure, an increase in «; never
benefits consumers. But when the PCO structure becomes more asymmetric
(a; increases relative to a;), an increase in a; benefits consumers for a larger
set of values of z.3¢

Proposition 5 implies that when the PCO stakes are not too large, antitrust
agencies that pursue a consumer welfare standard, should not allow the firm
with the larger PCO stake to increase its stake, but may allow the rival to
increase its smaller stake, provided that the relative cost of innovation, z, is
low and that «; is not too close to ; (the PCO structure remains sufficiently
asymmetric). 37/

To see the relationship between Proposition 5 and the sufficient conditions
in Proposition 3, recall from part (ii) of Lemma 3 that A7 + A7 increases with

a;. Hence, by Proposition 3(ii), Csa—a,;a’) < 0O is sufficient for % < 0. Dif-

ferentiating (14),

oS (any) _ (-ag)e (o agl-a)) o . 0=
(Mi (1 — “i) (1 — aj) Y 1 - a;a; Y 1-— a;a;

Recalling from Lemma 3(iii) that A% is decreasing with z, the above condi-
tion is more likely to hold when z is large, which is consistent with Proposi-
tion 5(i). Moreover, recall from Proposition 1(i) that /1*.‘ is increasing with «;

)

ing with a;. Hence, the condition is more llkely to hold when ¢ is small and «;

1-
islarge. Whena; = a; = a, A7 = ! and i ) —~ so the condition
J 1+a+7(1—a) l—a,«(xj I+a
holds when a > —1 When a < — > the sufficient condition fails, despite the

—;"’ %) < 0. The reason for this is that the suf-

ficient condition does not take into account the price effect of PCO: the fact

and decreasing with a; and note that ’l(_a is decreasing with «; and increas-

fact that by Proposition 5,

dCS((x, )

36 For instance, ifaj = 0, the largest z for which >0is1.96ifa; =0.1,2.99if ¢; = 0.2,

5.06if @; = 0.33, and 10.24 as a; — 1/2.

]

37 To illustrate, let B — 2 and ¢ = 1 (in which case ¢ — 1/2). If z = 1.7 and «; = 0.1, then con-
sumer surplus increases with a;, so long as a; < 0.05, and it then decreases as a; approaches 0.1.
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1422 SANDRO SHELEGIA AND YOSSI SPIEGEL

that an increase in ; leads to a higher price which harms consumers when
firm j is the sole innovator.

Finally, as mentioned in Section II, several existing papers have studied
symmetric models and examined what happens when all firms assign a higher
weight to the profits of all other firms by the exact same amount. For instance
Lopez and Vives [2019] conclude that an increase in PCO harms consumers
unless there are large enough R&D spillovers. Indeed, in our model (which
does not feature R&D spillovers), if we evaluate (14) at ; = a; = @ < o and
differentiate CS (a, @) with respect to a, we get

aCS (@,a) _ “2c(1+d-a)+a)(z (1 - a?) +0a?))

< 0.

da (1-aCd=-a)+1+a)
That is, an increase in a symmetric PCO stake, «, unambiguously harms con-
sumers. Proposition 5 shows however that when the PCO structure is not
symmetric, an increase in a;, holding ; fixed, benefits consumers if z is suffi-
ciently small and «; is sufficiently below a;. In other words, not every increase
in PCO necessarily harms consumers absent R&D spillovers.

VI(ii). Drastic innovation: o < a; < @;

This case can arise only when both firms hold stakes in one another
and these stake are sufficiently large. The equilibrium price then is
p (o) =p(a;) =p™ = B, implying that an increase in PCO only affects
the equilibrium investment levels, but does not give rise to a price effect. With
a unit demand function, 7 (ai) =7 (@;) = B. Assumption A5 then requires
that k > k = (1 + «;) B, which is equivalent to m > 1 + a;, where m = k/B is
the analog of z and reflects the relative cost of innovation when the innovation
is drastic.

Substituting 7 (;) = 7 (@;) = Bin (7) and (8), the equilibrium investment
levels become

—(1+a,-) m—(1+q]-)

m
15 A= , AF = :
(1) Comr = (1+q) (1+q) Toomr = (1+ ) (1+a)

Note that 47 and /1* depend only on the PCO stakes, ; and «;, and on relative
cost of 1nnovat10n m. It is easy to verify that, as in Lemma 2,0< 47 < ﬂ*

3/1* 0,1* d/l
AT <1/2, andll* <1 and % <0< ﬁ, > 0> ﬁ In the next lemma we

1

establish add1t10nal propertles of A7 and A*] In the lemma and the proposition
that follows we use the following thresho d:

*

(16) m=1+a+1/(a;—a) (1 +a).
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1423

Lemma 4. Suppose that o < ; < @;. Then,

(1)asm—>1+al,/1*—>0andﬂ*—>—1fa<aand/l*—/1* L
l+a; J 2(14a)

a;=aq; = a, and as m — oo, A* —>0andﬂ*—>0

(i) A7+ /1* is decreasing with q; and with aj

(iii) /l;" is ﬁrst increasing with m for m < i and then decreasing with m for
m > mif a; < o; and is decreasing with m for allm > 1 + «; if o; = a;, while

A is decreasing with m for all m > 1 + a;.

Proof.  See the Appendix. |

Lemma 4(i) is consistent with Lemmas 2 and 3. Lemma 4(ii) is the opposite
Lemma 3(ii): when the PCO stakes are sufficiently large to make the innova-
tion drastic, an increase in a; has a larger effect on A7 than on 47 and vice
versa for an increase in aj. That is, an increase in a firm’s stake in a rival has a
bigger effect on the firm’s own investment level than on that of the rival.

Lemma 4(iii) shows that /1* is decreasing w1th the relative cost of innova-

tion, m, and hence is bounded from above by — 1 , which is the value of /1* as

m — 1 + a;. Note again the stark difference between symmetric and asymmet—
ric PCO structures. In particular, if m — 1 + a;, then A* = A* — 1/2(1 + o) if
@ =a;=0,but A7 — Oand/l* - 1/ (1 +0)ifa; = o and a; - . Lemma 4(iii)
also shows that so long as a < a;, A7 is an inverse U- shaped function of m.
Noting that /7 increases w1th a; and decreases with a; (and hence is larger when
the PCO structure becomes more asymmetric), it follows that 47 is increas-
ing with a; for a larger set of parameters as the PCO structure become more
asymmetric, and is particularly large under maximal asymmetry where a; - o
and «; — 1/2. By contrast, when the PCO structure is symmetric, that is,
@ =a;=a, m =1+ a < m, where the last inequality follows from Assump-
tion A5, so 4] is decreasing with m for all feasible values of m.

Turning to consumer surplus, note that with probability /Ifﬂj’?, both firms
innovate, so p = 0 and consumer surplus is B; with probability A <1 - /1;‘) +
A (1 - /l;."), only one firm innovates, so p = B and consumer surplus is 0; and

with probability (1 — A¥) (1 - A*) both firms do not innovate, so p = ¢ and
consumer surplus is B — ¢. Hence, expected consumer surplus is given by

CS (@) = 41478+ (1-27) (1= ) B=0)
(17) =Blaa+ (=) (1-7) o]

In the next proposition we examine how CS (a,-, a ) is affected by unilateral

J
1mncereases 1 «; and aj.
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1424 SANDRO SHELEGIA AND YOSSI SPIEGEL

Proposition 6. Suppose that ¢ < a; < @;. Then,

) "CS;+"’) > 0 when m is sufficiently large or ¢ — 1/2 and acs(Zi,a,) <0
when m is not too much above its lower bound, 1 + a; or when ¢ — 0 and

om — 0;

ver OCS(a
(ii) a(+a) > (0 when m is sufficiently large, when m is not too much above

its lower bound, 1 + «; , and when o is sufficiently close to 1/2;

aCS(a;, oCS (a;,;
(iii) when ¢ - 0 and om — 0, %>Oasm<mand ¥<Oas
~ J 7
m > in;
’ 0CS((1,-,aj)

(iv) in the neighborhood of a symmetric PCO structure, — =
6CS(a,~,a/-) dCS(ai,q]-) _ 0CS(al-,a/-) l

Ja; oa; da;

>0ifm> 1 —aand <0ifm<: —a.

Parts (i) and (ii) of Proposition 6 show that when the PCO stakes are
sufficiently large to make the innovation drastic, an increase in @; (which
makes the PCO structure more asymmetric) benefits consumers when the
relative cost of innovation, m, is sufficiently large, or the lower bound on
the PCO values for which the innovation is drastic, o, tends to its upper
bound, 1/2, but harms consumers when m or ¢ are small. As for a;, an
increase in a; (which makes the PCO structure more symmetric) benefits
consumers when m is sufficiently large or sufficiently close to its lower bound,
1 + a;, or when o is sufficiently large (the range of PCO values for which
the innovation is drastic, [a, 1/2), is then narrow). Interestingly, the effect
of an increase in a; on consumer surplus is not necessarily monotonic in
m.3 Notice that when m is large or ¢ — 1/2, increases in a; and a; benefit
consumers. Hence, consumer surplus is then maximized when «; = @; — 1/2.
By contrast, when m is not too much above its lower bound, 1+ «;, con-
sumer surplus is largest when «; is small and q; is large; since @; < a;, this
occurs when a; = @; = 0. In both case, a symmetrlc PCO structure beneﬁts
consumers.

Part (iii) of the proposition shows that when ¢ — 0, an increase in ¢; still
benefits consumers when m is small, but harms consumers when m is large, and
may even benefit consumers for all m > 1 + a;, provided that o is sufficiently
large. Finally, part (iv) of Proposition 6 shows that an increase in the PCO

38 To illustrate, suppose that a; = 0.4, a; = 0.3, and ¢ = 0.25. Then m > 1.4. Straightforward

M>Olf14<m<2l4 W) g if 214 <m <334, and

99 g
OCS(aL a/)

> 0 if m > 3.34. However, if a; = 0.4, a; =03, and o = 0.3, then

calculations show that

oCS(a;.a;) > 0 for all
a;
m> 1.4.
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1425

stakes when they are (nearly) symmetric benefits consumers if 7 is large, but
harms them if 2 is small.?

To see how Proposition 6 is related to the sufficient conditions in
Proposition 3, notice that by Lemma 4, A*+ A7 is decreasing with a;,

and recall from Proposition 3(iii) that in this case, w > 0 is sufficient
J
for aCS(Zf ) < 0. Differentiating (17),
0CS (a a) . Bl 0 1 P
_ - = > T >
oz U (i-75)20 = azyE

This condition can hold only when ¢ < 1/3, otherwise : > 1/2 which

is the upper bound on 47 by Lemma 2. Indeed, Proposition 6 shows that

BCS(al a/) t)CS(zx, aj)

< 0 when ¢ — 0 (so the condition holds) and > 0 when

o
o1 /2 (the condition fails).

Finally, we contrast Proposition 6 with the case where both firms hold the
exact same stakes in each other and these stakes increase (rather than a uni-
lateral increase in one of the two stakes). To this end, we evaluate (17) at
a; = a; = a and differentiate with respect to a:

J
0CS (@.a) _ 2“B<m_ (5 _“)>'

da (m+a+1)

(18)

The derivative is positive if m > - — a and negative if m < - — «, similarly
to Proposition 6(iv). That is, conSumers are more likely to Benefit from an
increase in PCO when m and o are large. While this result is consistent with
Proposition 6(1), it is not necessarily consistent with Propositions 6(ii) or (iii)
which show that an increase in @; can benefit consumers even when m and ¢
are small.

VII. PCO VERSUS SEMICOLLUSION, RJV, AND MERGERS

The reason why PCO may boost investment is that it softens price compe-
tition when only one firm innovates and hence boosts expected profits. One
may wonder then how PCO performs relative to other arrangements that
also soften competition, like outright collusion in the product market, a

3 Note that as o — 1/2, m > % — a, because by Assumption A5, m > 1 + a;, where 1 + a; is

bounded from above by 3/2, whereas i —a — 3/2asa > o — 1/2. Hence, part (vi) of the propo-
sition implies that %ﬁ:’af} = % > 0, which is consistent with part (i).
i Yj
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1426 SANDRO SHELEGIA AND YOSSI SPIEGEL

research joint venture (RJV), or a full merger. The difference between the
three arrangements is that under collusion, firms coordinate their pricing
strategies in stage 2, but compete in stage 1. This situation is often referred
to in the literature as semicollusion. Under an RJV, the reverse is true: here
firms fully coordinate their investments in stage 1, but then compete in the
product market. Under a full merger, firms fully coordinate their strategies in
both stages.

It should be noted that policymakers recognize the importance of RJVs
and mergers for promoting innovation. For instance, in the United States, the
2000 “Antitrust Guidelines for Collaborations among Competitors” of the
DOJ and the FTC state that “Such collaborations often are not only benign
but procompetitive.”*” Likewise, the 2010 “Horizontal Merger Guidelines” of
the DOJ and FTC state that “the Agencies consider the ability of the merged
firm to conduct research or development more effectively. Such efficiencies
may spur innovation but not affect short-term pricing.” As for semicollusion,
Fershtman and Gandal [1994] and Brod and Shivakumar [1999] show that
semicollusion can promote investments in R&D and benefit consumers.*!

To simplify the comparisons, we will consider in what follows a symmetric

PCO structure such that a; = a=a€ [0, %), that is, we will assume that the
PCO stakes are sufficiently large to make the innovation drastic. Then, p (@) =
p"and & (a) = #™. Since p (@) = p™, PCO does not give rise to a price effect,
so the only difference between PCO and the other three arrangements is due
to the cannibalization effect. Substituting ¢; = ; = a and z (@) = 2 in (7)

i
and (8), the equilibrium investment levels are:

n.m

J
Expected consumer surplus under PCO is
(20)  CS(@) = A@)*S(0) + 24 (@) (1 = 2(a) S (p") + (1 = A(@))*S(0).

This expression reflects the idea that with probability A(a)” both firms succeed
and the price is 0, with probability 24 (a) (1 — A (a)) only one firm succeeds,
so the price is p, and with probability (1 — A (a))?, both firms fail and the
price is c.

40 Indeed the US Congress has protected certain collaborations from full antitrust liability by
passing the National Cooperative Research Act of 1984 and the National Cooperative Research
and Production Act of 1993 (codified together at 15 U.S.C. § § 4301-06).

41 Similarly, Schinkel and Spiegel [2017] show that when firms invest in the sustainability of
their respective products (which boosts the willingness of consumers to pay) before compet-
ing in the product market, semicollusion promotes investments and may benefit consumers if
the slope of the marginal cost of investment is sufficiently low relative to the degree of product
differentiation.
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1427
VII(i). PCO versus semicollusion

We begin by comparing PCO with semicollusion: firms compete in stage 1
when choosing their investment levels, but then collude in stage 2 when they
set prices.*> To simplify matters, we will focus on a pure price fixing scheme
whereby firms charge the same price and split the market equally. The collusive
price is p™ when both firms have a marginal cost 0, p' = argmax(p — ¢) Q (p)
when both firms have a marginal cost ¢, and p € [p’”, p”| when one firm inno-
vates and its marginal cost is 0, while the other firm fails and its marginal cost
is ¢. Recall that z” = p™ Q (p") is the monopoly profit when marginal cost is
0andlet 27 = (p™ — ¢) Q (p") be the monopoly profit when marginal cost is
¢ and ﬁrms charge p”, # = pQ (p) be the monopoly profit when marginal cost
is 0 and firms charge a price p, and 7, = (p — ¢) Q (p) be the corresponding
profit when marginal cost is c.

The expected value of firm i in stage 1 of the game is,*3
a4 (1 2 (=) 24 1 ok
i_/7+i(— )2+ ( i)j (1-24)(1- )7—7

In a symmetric equilibrium,

2 m
nT—T
B 4

T t+i+# c— M=

‘We now prove the following result:

Proposition 7. Suppose that the two firms hold the same PCO stake « > ¢ in
each other. Then, PCO leads to more investment and yields a higher expected
consumer surplus than semicollusion.

Proof. See the Appendix. |

Proposition 7 says that a symmetric PCO which is large enough to make the
innovation drastic boosts investment and benefits consumers more than semi-
collusion. Intuitively, under semicollusion, firms charge a price above cost and
earn a profit even when they both innovate. By contrast, under PCO, a firm

42 The collusive scheme can be supported by repeated interaction in stage 2 (for details, see e.g.,
the Appendix in Schinkel and Spiegel [2017]).

43 When the interaction in the product market is repeated, the per-period profits must be
divided by the discount factor. To make the model comparable to our two-stage game, we can
assume that although the innovation takes place once and for all in stage 1, firms must incur the
cost of the innovation in every period (e.g., each firm / pays a “royalty” or a maintenance cost
ka2

5 in every period).
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1428 SANDRO SHELEGIA AND YOSSI SPIEGEL

earns a profit only if it innovates and its rival fails. Cond1t10na1 on firm j inno-
vating, innovation by firm i raises its profit from = % 10 2" under semicollusion,
whereas under PCO it entails a loss of ax”, because competition eliminates
firm j’s profit, which firm i shares through PCO. And, conditional on firm j
falhng to innovate, innovation raises firm i’s profit under semicollusion from

= to 2 > whereas under PCO it raises it by z”. Hence, the marginal benefit
of investment is greater under semicollusion when firm ;j innovates, but it is
smaller when firm j fails. But since Assumption A4 implies that k is large, the
probability that firm j innovates is relatively small, so the advantage of PCO
over semicollusion outweighs the disadvantage.

As for expected consumer surplus, note that under PCO, the price is either
0if both firms innovate, p”* when only one firm innovates, and c if neither firm
innovates. Under semicollusion by contrast, the corresponding prices are p™,
P, and p” and are all higher. Hence, consumers are better off under PCO,
because innovation is more likely, and prices are lower in each regime.

VII(ii). PCO versus RJV

We now compare PCO with an RJV. Under an RJV, firms cooperate in stage
1 when they choose investments, but then compete in the product market in
stage 2. We follow Choi [1993] by assuming that by forming an RJV in stage 1,
firms perfectly coordinate their R&D investments, but their respective proba-
bilities of success, as well as their stage 2 prices, are independent across firms.
In other words, under an RJV, firms coordinate their investments, but imple-
ment the innovation independently, so the realization of each firm’s cost is
independent of the rival’s cost.**

For now, we will assume that under an RJV, firms also have symmetric

PCO stakes in each other such that ; = =a;=a€ [a —) The difference is that

under (pure) PCO, the two firms invest independently in stage 1, whereas with
an RJV, they choose 4; and Aj in stage 1, to maximize the sum of their values,
given by,

2
1+ a) </ll (1 —,1].) " — g) +(1+a) (,1](1 —ﬁi)ﬂ'm _ %)

Vit V= 1—a?
2 ka2
(A (1= 4) + A1 —a)) = S0 -

l—«a

4 In Choi [1993], the RJV also generates an information spillovers, which boost the profits of
the two firms. We abstract from such spillovers. Kamien ez al. [1992] refer to the case where firms
jointly choose investments, but the marginal cost of each firm depends on its own investment, as
“R&D cartelization.” Under RJV, firms choose investments independently, but the marginal cost
of each firm depends on the sum of the investments.
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1429
The investment levels which maximize this expression are

m

g RV __ T
(1) Ai=A=4 = T
Comparing (21) and (19) reveals that AR’V < A(a) as a < 1/2: firms invest
less under RJV than under (pure) PCO. In fact, ARV is even lower if firms
do not have PCO stakes in each other, because then the profit under RJV is
7 (¢) < 7. Intuitively, under RJV, firms fully internalize the cannibalization
effect, while under PCO they only partially internalize it; hence they invest
more under PCO. Moreover, if the innovation is non-drastic, PCO leads to a
price effect which RJV does not, so the incentive to innovate under PCO is
even larger.
The expected consumer surplus under RJV is also given by (20) with ARV
replacing A (a). To compare consumer surplus under (pure) PCO and under
RJV, it is useful to rewrite (20) as

CS(a) = 5(c) + A@)*(S(0) = S(¢) + 24 (a) (1 — A (@) (S (p™) = S (0)).
———

—_——
(+) =)

That is, the baseline consumer surplus is S(¢). However with probability
A(a)?, both firms innovate so consumer surplus increases from S(c¢) to
S(0), and with probability 24 (a)(l — A(a)), only one firm innovates, so
consumer surplus drops from S(c¢) to S(p™). Note that by Assumption
A3, p™ < 2¢; hence p™ —c < c¢—0. Since S(p) is decreasing and convex,
S0)=S(c)> |S@E™ - S(c)|.*> But then by Assumption A4, k > 7", so
from (19) it follows that A (a) < 1/2. Hence, A@)? <22 (a) (1 = A(a)), imply-
ing that the sum of the second and third terms in CS («) may be either positive
or negative. Recalling that A®’V < A(a), it follows that the second positive
term is smaller under RJV, but the third negative term is also smaller in
absolute value. In general then, consumers can be better or worse off under
PCO relative to RJV.
We now establish the following result.

Proposition 8. Suppose that the two firms hold the same PCO stake, a, in
each other. Then A(a) > ARV for all 6 < @ < 1/2. If @ > o and firms face a
unit demand function, then consumer surplus is larger under PCO than under
an RIVifm < i — a and conversely if m > i —a.

Proof. See the Appendix. [ |

45 Note that S’ (p) = —Q(p) < 0and S” (p) = —Q’ (p) > 0.
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1430 SANDRO SHELEGIA AND YOSSI SPIEGEL
VII(iii). PCO versus full merger

Finally, consider a full merger. Then, the two firms fully coordinate both their
investment levels in stage 1, and their pricing strategies in stage 2. This is unlike
semicollusion where there is coordination in stage 2 but competition in stage
1, or RJV where the opposite is true. PCO can be viewed as a “partial merger,”
in which firms internalize only part of their externality on rivals, while under
a full merger they fully internalize it.

When firms fully merge, they charge the monopoly price p™ when at least
one of them has a marginal cost 0 (only the efficient firm serves the mar-
ket in this case) and charge p' = argmax(p — ¢) Q (p) when they both have
a marginal cost ¢. Hence, in stage 1, the merged entity chooses 4; and 4; to
maximize the sum of the firms’ values, given by

(1= (1=2) (1= ) £+ (1= 4) (1= 1) mr = L ==L

where 7" = (p" —¢) Q (p"). The investment levels which maximize this

expression are,

m 7
T &

-
— — m __ C
Ai=di=4 _k+rrm—7rg“'

We now prove the following result.

Proposition 9. Suppose that the two firms hold the same PCO stake « > o
in each other. Then, 4 (a) > A" if and only if
"k

(22) a < <

(@ — )
Expected consumer surplus is higher under PCO.

Proof.  See the Appendix. |

Proposition 9 shows that a sufficiently large symmetric PCO which ensures
that the innovation is drastic boosts investments more than a full merger, pro-
vided that it is not too large. In particuleg, PCO boosts investment more than

a full merger provided that ¢ < a < ——<—— 46 Intuitively, there are two dif-

M (xm—xl'
ferences between a full merger and a PCO. Conditional on firm j innovating,
firm /’s innovation has no value under a full merger (one innovation is enough

46 To see that the set of parameters for which the condition holds is non empty, note that in the
B-c < (B=ok _ 'k

B Be M (zm—x")’
where the inequality follows because by Assumptions A3 and A4, k > B > c.

unit demand case, p” = p' = B,z = B,and z!" = B—c. Then, ¢ =
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1431

for the merged entity to lower its cost), whereas under PCO it implies a loss
of ax™, as firm j’s profit (which firm 7 shares due to its PCO stake «) drops
from 7 to 0. And conditional on firm j failing, innovation by firm i raises the
merged entity’s profit from z”" to z, whereas under PCO it implies a gain of
7™, Whether the marginal benefit of investment is greater under a full merger
or under PCO therefore depends on the value of az™ relative to the value of
" — 71'2,”.

As for consumer surplus, note that prices under a full merger are equal
to the monopoly prices, whereas under PCO they are equal to the competi-
tive prices when both firms innovate or both firms fail. Hence, consumers are
better off under PCO than under a full merger.

VIII. CONCLUSION

We have explored the competitive effects of partial cross ownership (PCO)
in rival firms in the context of a duopoly model in which firms first invest in
innovation and then compete in prices. Innovation in our model is stochastic
and can either succeed or fail. When both firms succeed or both fail, they
engage in Bertrand competition and make 0 profits. But when only one firm
succeeds, it captures the entire market and earns a positive profit. This profit is
even higher when the failing firm holds a PCO stake in the innovating firm, as
the former is then reluctant to undercut the latter because it shares its profit.
PCO then gives rise to a price effect, which boosts the incentive to invest and
become the innovating firm. Apart from a price effect, PCO also creates a
cannibalization effect: when a firm innovates, it cannibalizes the profit of the
rival when it innovates. Due to PCO, the firm internalizes part of the resulting
negative externality and hence its incentive to innovate becomes weaker, the
larger its PCO stake is.

Importantly, more investment is not always good for consumers: although
it increases the likelihood that both firms innovate, which is the best outcome
for consumers, it also raises the likelihood that only one firm innovates, which
is the worst outcome for consumers. We show that the effect of a unilateral
increase in PCO on investments and on consumer surplus depends on the size
of the PCO stakes and how symmetric they are. In particular, we provide suf-
ficient conditions for such a unilateral increase to harm or benefit consumers
and then explore the welfare implications in greater detail under the assump-
tion that consumers have a unit demand function.

When the PCO stakes are relatively small, the innovation is non-drastic.
Then, an increase in the large PCO stake (which makes the PCO structure
more asymmetric) always harms consumers, whereas an increase in the small
PCO stake (which makes the PCO structure more symmetric) can benefit con-
sumers, provided that the relative cost of innovation is not too high; otherwise
it also harms consumers. By contrast, when the PCO stakes are sufficiently
large to make the innovation drastic, an increase in the PCO stakes only affects
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1432 SANDRO SHELEGIA AND YOSSI SPIEGEL

the equilibrium investment levels, but does not give rise to a price effect. An
increase in either PCO stake can benefit consumers if the relative cost of inno-
vation or the lower bound on the PCO stakes are sufficiently large. An increase
in the small PCO can also benefit consumers if the relative cost of innovation
or the lower bound on the PCO stakes are small, and when the PCO stakes
are nearly symmetric and the relative cost of innovation is large.

Our analysis then shows that when the incentives of firms to invest are taken
into account, a unilateral increase in PCO may benefit consumers, contrary to
the insight from earlier literature which only examined the effects of PCO on
price competition. In particular, our analysis highlights the fact that whether
consumers benefit or not from a unilateral increase in PCO depends on the
size of PCO stakes and on the extent to which they are symmetric.

APPENDIX
Following are technical proofs.

The price and cannibalization effects in a more general setting. In the more general
Aoki and Spiegel [2009] setting where the stage 2 profit of firm i is ﬂ;y if both firms
innovate, z’ if both firms fail, Il'in if the firm innovates and the rival fails, and z’ if the
firm fails but the rival innovates (the index i is needed because the profit of each firm
depends on «; and «; which are not necessarily identical), the expected value of firm i
when it chooses A, in stage 1 is

. kA2

/ll' [/li”}lfy + (1 - i/) y ] [A/ nv 1 - ) nn] - 7’
1 —aa;

i%

. . . 2
(A [/1, w4+ (1= 4) 7] +(1-4) [, + (1= 4) 7, —%)

l -

V.=

i

+

Since V; is quadratic in A, the first-order condition for 4, is necessary and sufficient.
Using this condition, the best-response function of firm 7 against firm j is given by:

E(x'|i’s success) E(x|i’s failure)

Is N 7 ~N

BR, (4) = | [4l, + (1= 4) 2, | = [4h, + (1= 4) 7,

E(/rf |i’s success) E(nf |i’s failure)

A A
e N - N

+ﬁ [izr +(1—/l)7rj]—[l7rj +(1—i)7zj]
ke " yy J) Fny % yn J) “nn
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1433

In our Bertrand setting where z! = z! =z, =0and x|, =7 (a;), BR, (4;) simplifies
to (6). The cannibalization effect arises because an increase in @; boosts the second
term, which is negative as firm ;’s profit is higher when firm i fails to innovate. It is easy
to see that this effect is general and does not depend on our Bertrand setting.

The price effect is more involved and is due to the effect of ; and a; on the
stage 2 profits of the two firms. To see how the effect works, it is useful to rewrite the

best-response function of firm 7 as
BR,(4) = £ [4 (s =2 + o (s, - 1))
+ (1=4) (=, m) +ai (o), =)

Sufficient conditions for the price effect of @; to be positive and the price effect of a; to
be negative are (i) 7:’ - 7:}1} and 7| — z dre increasing with % and decreasing w1th a;,
that is, an increase in a; hasa stronger positive effect on firm /’s profit when it innovates
than when it fails and an increase in @; has a stronger negative effect on firm 7’s profit
when it innovates than when it fails; and (ii) #/ Yy ﬁj,,, and zr’ — xJ, are increasing
with @; and decreasing with a;, that is, an increase in ; has a stronger positive effect
on ﬁrm j’s profit when firm i innovates than when it falls and an increase in @; has
a stronger negative effect on firm j’s profit when firm i 1nnovates than when it farls
Analogously, condition (ii) can be stated as 7rw ﬂ}m and 7r - 7rnn are increasing with

a; and decreasing with a;. That is, an increase in ; has a stronger negative effect on

ﬁrm i’s profit when firm j fails to innovates than when it succeeds, and an increase in a;
has a stronger positive effect on firm #’s profit when firm j fails to innovate than when
it succeeds.

Intuitively, firm i becomes softer when «; increases (the firm internalizes a larger
fraction of the negative competitive externality it imposes on firm ;). Consequently,
firm 7’s profit decreases with o; and increases with ¢;. Condition (i) holds if the effect
is larger when firm i innovates.*” Condition (ii) holds if the effect is larger when firm j
fails than when it innovates.

To illustrate the two conditions, consider a Cournot model with linear inverse
demand p = 1 — ¢, — ¢; and assume that firm i’s cost is ¢, = 0 if firm / innovates and ¢, =
¢ if firm i fails to innovate. Then, the values of the two firms under the PCO are given
by (2), with the standalone profit of each firm i given by II, = (1 —qi—q; - ?,-) q;- The
Nash equilibrium when the two firms choose quantities simultaneously in stage 2 are

1—a; =20+ (1+a,)3 -, - 28+ (1+a)7¢

49, = ’ q; =
3—a—a - :

3—a—a;— a0

Substituting these quantities in (2), the value function of firm i is
(1 — a[(xj)z

i

yy

s

(3 —a - = aiaj)

47 In models where firm i makes no profit if it fails to innovate, that is, if = xl =0(eg.,Jul-

lien and Lefouili [2018], Stenbacka and Van Moer [2023] and our Bertand model), this condition
surely holds.
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1434 SANDRO SHELEGIA AND YOSSI SPIEGEL

(1+c)2+al.2(1—c)(a].2+(1+2aj)c)— ai(Zaj+(5—(2—aj)aj)c+2(2—aj)c2)
= s
G—%—%—%%V

when¢, =0 and?j =g,

(1-a@) = (4-a(l+a)") (1-a-q)c
T = s
@‘%‘%_%%Y

D (1 —aiaj)2(1 —¢)

5-
(S—a[—aj aaj)

Using Mathematica, it is straightforward to verify that z/ —z’ and n’ —z’ are
yy ny n nn

increasing with ; and decreasing with «;.* Hence, condition (i) above holds. As for
condition (ii), note that

L k[2+k—a;(5—4k—a2—a;—2k) — a;((1 —k+a;(2—a;—2k)))]|
Ty =T =~ 2 ’
@—%‘%‘%@
and
. ; k[2—3k—ai(5—k—ai—a]-(l+a,-)(Z—aj(l—k)))]
- =- : .
ny nn

(3—%—%—%%Y

Using Mathematica again we verify that ﬂiy —x! and ﬂfly —x! are increasing with a;
and decreasing with a;, implying that condition (ii) also holds. [ |

Existence and uniqueness of a stable interior Nash equilibrium in stage 1. Note that

Assumption AS is equivalent to % > ”(Z’) where % is the vertical
intercept of BR, (4;) in the (4, 4;) space and ( %) is the vertical i intercept of BR; (4;).%

g (”j’y 7”711,\' )
9a;

and use the command Reduce[dAida S0&& 0<a;<1/2 && 0<a; <o && 0 <k <1/3,
{@;, ¢;}]. The command returns the output “False”, implying that, given the parameter restric-

o(},~xi,)

Ja;

48 For example, to check that ”;v - 7: , is increasing with a;, we define dA’ da; =

tions, > 0. We repeat the same procedure for the other expressions.

49 : 7(a;) : ; . —0 () —0 -
That is, —”(a‘)m ) is the value of Aj for which 4; =0, i.e., BR; (—”(a/)+ai”(ai) =0, and
( 1) ﬂ(a,)

is firm j’s best response against 4; = 0, i.e., BR; (0) =
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1435

Moreover, recall that the assumption that a; > «; implies that z («;) > 7 («;), which
implies in turn that

o) (14 )2t (14 T )
)

Hence, Assumption A5 also implies that #:Z(%) > ”(Ta;, where #:)ﬂ(%) is the
%)

horizontal intercept of BR, (4;) in the (4, 4;) space and - is the horizontal intercept
of BR; (4;).% Together with the fact that by (6), the slope of BR, (4;) is constant, and
likewise the slope of BR; (4;) is constant, Assumption A5 ensures that BR, (4;) crosses
BR; (4;) in the interior of the (4;, 4;) space once and from above, which ensures in turn
the existence of a unique and stable Nash equilibrium in stage 1.

In fact, Assumption A5 ensures that the slope of BR, (4,) in the (4, 4;) space
exceeds 1 in absolute value, whereas the slope of BR j (/1,-) is below 1 in absolute value.
To see why, note that fully differentiating (6), evaluating at 4, = BR; (/1/.), and using

Assumption A5,

_ k >77.'(0-'i) <1+a,~:5:3) zﬂ((li) o1
ﬂ(aj) + a7 (a;) zr(aj) + a7 (a;) ™ ( ) -

where the last inequality follows because a, > a; implies that 7 (a;) > 7 («;). Similarly,
evaluated at 4, = BR; (4,),

o4
o4;

R

oA n(a)+ar(e) x(w)+ar(e) 1+ ZEZ;

— = - < =

04, k _ () A(w) T
71'(0{,) <1+a,”(aj)) l+a,”(nj)

where the last inequality follows because a; > a; and 7 (a;) > 7 («;).

Finally, we assume that k > k for the following reason. Suppose that ¢; = @; = a.

Then k = 7 (a;) <1 + a-”(a’)> = 7 (a) (1 +a), so the vertical intercept of BR; (4;) in

"7(a;)
i@ _ _a@ ] -
the (4;, 4;) space when k = k is S = exim = .- The vertical intercept of BR, (4)
in turn is m = 1++x Since by symmetry the same holds for the horizontal inter-
cepts, BR; (4;) and BR, (4,) coincide. |

Proof of Lemma 2. The equilibrium investment levels in equations (7) and (8) are
determined by the solution to the system 4, = BR, (4,) and 4; = BR; (4,).

(i) First, note that 47, A* > 0 because the equilibrium in stage 1 is interior as we have
proved above. Anotfler way to see it is to note that Assumption A5 ensures that

50 That is, — @) __ is the value of A; for which 4; = 0 and Gl is firm 7’s best response
n(a,)+q7/r(aj) ! J k

against 4; = 0.
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1436 SANDRO SHELEGIA AND YOSSI SPIEGEL

the numerators of (7) and (8) are positive and also ensures that the denominators
are positive as

> 717(0:,-)2(1 +a;

\ r (“j) .
- W [ﬁ () 7 (o)) (7 (@) =7 (o)) + “i”(”i)3 - af’”(af)3] >0,

where the first inequality follows because k > k, and the last inequality follows

because a; < a; implies that 7 (;) < 7 (a;) by Lemma 1. Moreover, note that
o mla) (kram (@) —n () (ke (a)
PR () e («) (2 (@) (o) T

Therefore, 0 < A7 < 7.

Second, in Proposition 1(i) below we prove that A} is maximized when a; = a; = a.

Evaluating (7) at a; = @; = a,

. 7 (@) S|
Tkt(+wr@  2(+a) " 2

where the first inequality follows because Assumption AS implies that when «; =

a; = a, k> 7 () (1 + «), and the second inequality follows because ﬁ 1S maxi-

mized when a = 0.
Third, in Proposition 2(i) below we prove that /lj’.* decreases with k. Then using (8),

z (“j)

— <1
T (a/-) +ar (al-)

A<
J

where the upper bound on 27 is its value as k — k = 7 («;) (1 +q, 7 ), and the

"n(a)
last inequality follows because %’)() is maximized when a; — o; — 0.
(0 )+am(a;

(ii) Suppose that k — k. Then (7) and (8) imply that if @ <, A7 — 0 and

A - %, which tends to 1 as a; — 0. If @; = a; = «, then by Assumption
() +om(a;

A5, k=zm(a)(1 +a),s0oask — k,

TN 7 (@) 1
A =4 k+z@1+a) 2(+a)

which equals 1/2 when a =0. As k — oo, (7) and (8) imply that 47 — 0 and
i/*.‘ - 0.
|
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1437

Proof of Proposition 1.

(@)

(ii)

(iif)

Recalling from Lemma 1 that z’ (aj) >0,

0BR, (4;) A (7 () + ' () 0BR; (4,) (1-4) 7 (a;)

=—= <0, = > 0.
da; -

k oa;

1

Since the best-response functions are downward sloping, an increase in «; shifts
their intersection point northwest in the (4;, ;) space. Hence, 47 decreases and
A% increases. The comparative statics with respect to @; are analogous. The above
implies that A7 is largest under a symmetric PCO structure where «; = a; and is
smallest under a maximally asymmetric PCO structure where a; — % and a; = 0,
and conversely for 11’.‘.

Using (7) and (8) again,

(7 (@) + 7 (o)) k=27 @) 7 () — (7 (@) ~ (s ()"

I = (7 (o) + o7 () (7 () + @ ()

7

/lj+/1j=

Differentiating with respect to a;, evaluating at o; = @; = a, and rearranging yields

o(1+%) 7@k —(x (@)

da; (k+(1+a)z (@)

a=a=a

Note that when a; = a; = @, Assumption A5 implies

ar (a)

7 (@)

k>/_cEzt(a)(l+ >=(1+a)7r(a).

Moreover, when ¢, = a; = @ < 0, 7 (@) iQ (1‘?1), S0
c

(1—ay le(r) + 2 (752)

> (1_605)2Q<lfa>: fia;'

o

' (@) =

Hence,
6(1?”}‘) W x(+ar@-(x@) (@)X
—_— > =
o, k+ (1 + ) 7 (@) k+ 1+ a) 7 (@)

a=a=a
When ¢ <o, <a; p (@) =p (aj) =p”" and 7 (o) =x (aj) =p"Q ("™ ="
Then,

a(*?ﬂf):_( 2 (k= (1+a) ) >2<0

da, k= (1+a) (1+a) @)

1
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1438 SANDRO SHELEGIA AND YOSSI SPIEGEL
Noting that A*+ 47 is symmetric with respect to «; and a;, we also

have —()(i:i’% ) <0.
J

|
Proof of Proposition 2.

(i) Starting with A¥, notice from (7) that
; () -2k
ok k2 = (x («) +aym (a)) (7 (o) +aym ()

where the denominator is positive by Assumptlon AS. By Lemma 2, if «; < a;,

then 47 — 0 as k — k, implying thdt —L > 0. Next, note that

oA}
2 -2 <’17 +k0_/é>
o k2 — (x (@) + o (a)) (7 (o) + a7 ()
7 (o)) = 2kA;

\(kz = (7 (o) + a7 (;)) (7 (@) + o7 (”’j)))z

J/

-2k x

2 (4 + 2% %)
e (7 (o) + @ (a;)) (7 (o) + @ ()

92 A A%
Hence, e ’ < 0 whenever . = 0, so any extremum point must be a maximum.
Since A} 1s a continuous function of &, it is first i 1ncreas1ng with & (from 0) and

Y0 1f

ok

o .
o =q =a, then the numerator of a_k’ is such that
2%
2(1+a)

where the first inequality follows because Lemma 2 implies that as k — k, /1*

(@) = 2kA; <7 (o) = -7 () <0,

2(11 and the equality follows because k = 1 + @ when @; = a; = a. Hence, ik <
0 forall k > k.

Turning to 47, recalling that «; > a; implies 7 («;) > 7 (a;) by Lemma 1, it follows
that evaluated at k — £,

(o) k=7 (o) (z (o) + oz (o)) 7 (o))

TR = (r () +ar (@) (7 (@) +ar (@) 7 () +a (o)

> 0.
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At the other extreme where k — oo, /1/’.‘ — 0. Moreover,

52,17 -2 (/1]* + 2k%>
W (x (1) +ar (@) (2 (@) + a7 ()

7

0% 01
s0 — < 0 (recall that A7 > 0 in the relevant range) whenever —- = 0, implying

that as a function of k, A* attains a unique maximum. We now show that this
maximum is below k, 1mpfy1ng that A7 decreases with k for all k > k. To this end,
note that ‘

o 7 (@) = 2k2;
= (x (a) +ar (a) (7 (@) + 7 ()

The sign of the derivative depends on the sign of the numerator. Evaluating it at

k — k and recalling that A= ;’Z’ ) as k — k, yields
. )+ a . .
7[(6!1«) —2)( ”(al) (7[ (a/) a’ﬂ: (al)) % ﬂ(q/) =—r (Ul,-) <0.
7 (¢) 7 (o) + o (o)

Hence, /1]" is decreasing with & for all k > k.

(i) When a; < ; < o, the horizontal intercept of BR, (4,), ”(a’), shifts to the right

as ¢ increases, while the vertical intercept of BR; (/1,.) ”('I’) , shifts up. As for the

(«) - - <
vertical intercept of BR, (4;), (e’ substituting ( ) = l—a,» 0 ( 1—.1[) and
7 (aj) = 1_"a_ 0] (ﬁ) and rearranging, yields
J J

7 (o) _ 1
z (aj) + aQ;r (ai) "i(l’a/‘) Q( l-%,-)

I—a; ( c )
1-q;

Recalling that £ (p) = -~ g(g) is the elasticity of demand

of2(=)| He(E)e(H)-%e(m)e(=)
*lo(+) (e(:5))

1+

)

2 ) o) o

—a,
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1440 SANDRO SHELEGIA AND YOSSI SPIEGEL

where the inequality follows because by Assumption A2, &' (p) >0, so a; > a;
implies that s(l_m) > s(l_' ) Hence, the vertical intercept of BR, (11.),

(o)
7[((1/)+(1 7r( ,)
BR; (4;) shifts to the right. Given that both BR, (4;) and BR; (4,) shift outward,
the sum of 47 and A increases.
(iii) Wheno <a; <a;,p(a;) =p(a;) =p" and 7 () = 7 (;) = #™. Substituting in
(7) and (8), the equilibrium investments become

, shifts up when ¢ increases. Likewise, the horizontal intercept of

L (1+a) 3 (1+a)

i = z . A= -

C(A) - (14) (E) = (+a) (1)

A} and ﬁ; are independent of ¢ and depend on z™ only through % Hence, the
comparative static result with respect to z”” are the opposite of those with respect
to k.

|

Proof of Proposition 3. Recalling from part (i) of Proposition 1 that 4} < A7

oCS (a;,a;)  0CS (oc,-,aj)

i V)
04, dA;

24 (SO =S (p(@))) = (1-£) (S©@©=S(r(x)))
= [47 (s - (P(%))) (1-4) (S©@=5(p(a)))]

=S(p (@) =S(p(a) 2

where the last inequality follows because by Lemma 1, a; > a; implies p (a;) > p ().

Noting that S’ (p) < 0 and p’ (a;) > 0, it follows that&:”) < 0 if the sum of the
first two terms in (12) is negative, that is,

0CS(a,,aj) 0CS(ai,aj) 04r 6CS(a,~,aj) a4 <0
oo, 04 e T on oa, ~

i i i 7
—— ——
) +)

(A1)

axr .. . . -
where the signs of % and —= are due to Proposition 1(i). The following conditions
ensure that (A1) holds and are therefore sufficient for acs(gLaj) <0:

X

() If 0CS(D¢I 1)

>0> acs(g:,j i ), both terms of (A1) are negative.
J
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1441

!)CS((tI j)

(i) If
part (1) that

<0and 4} + A is increasing with a;; using (A1) and recalling from
BCS(a, /) > bCS(a, ;/)
Ao T a0

‘)CS(“iv"j) 6CS(a,-,aj) 047 6CS(a,.,aj) 04}
oa, 04, 9 T oa;

i i i j i

) =) -) +)

_9CS (a,) (4 )
= 0 oa,

N ——— —

=) *
e aCS(aa . . N
(iii) Likewise, if % > 0and 47 + A7 is decreasing with a;, then,
; A

oCS (a; ;) 0CS (e ;) 047 oCS (a, ;) 047
ou, ok oa, | ok o

———— e A~
+) ) ) )
0CS (a,-,a/-) 0 (if + )“;)
< ’
- 04, oa;

i i

<0.

" "

+) =)

BCS(a[ ,a/-)

If the above inequalities are strict, or p’ (e;) > 0, then <0.

i

Proof of Corollaryl. By Proposition 1(ii), —ﬁ < E in the neighborhood of a sym-

i
metric PCO structure, whereas by Proposition 1(111) ——L > — wheno < a; < «;. The
result then follows immediately from Proposition 3(ii) and (111) [ |

Proof of Proposition 4. Differentiating CS (a,, @;) with respect to a; yields,

0CS (a,-, aj) 0CS (ai,(xj) 04 0CS (ai,aj) 0/1;

= + —_—
oda; 04; da; 94; da;
N—— N——
(+) =)
(A2) + 4 (1-%)8 (p(a) (aj).
o
If 6 < a; < a, then p’ (;) = 0 and Proposition 1(111) —L < ——L_If in addition 0 >
%
OCS(a,-,aj) > BCS(a[,a/) then'
04; - 94 ’ '

J
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1442 SANDRO SHELEGIA AND YOSSI SPIEGEL

J +—J _ —_
o4, oa; 04; da; ~ 0 o4 94,

t J J i J

e——he . — A — ]
e ) =) ) - -+

oCS (a,a;) 047 oCS (aj,a;) 047 oir | 0CS (a.a;) 0CS (a. )
e A S i) _ «

OCS(a,a,aj)

1f 59 ¢ then ) 5 g,

1 7

Proof of Lemma 3.

(i) Itis clear from (13) that as z — z, A7 > O and 4} — ll:%, and as z —> o0, AF —
0and 47 — 0. '
1—a;

(ii) Recalling that z = o a;/z , straightforward differentiation using (13) yields

%

o(4+4) (1-a) G- g
w4 ((ma) (1-a) + (1-ag))
and
d(ﬁ"'ﬁ;) (l—ai)z(z—l) 0
= > .
% ((1-w) (1-a) + (1-ag))’
(iii) Straightforward differentiation using (13), yields
94 (1-4)T6)
o T i

(1- “f)z(zz(l - "‘j)z - (1= “i)zéz)

where
T, (2)=—(1- ozj)zz2 +2(1- aj)zzg -(1- a,-)zgz.

The sign of aai depends on the sign of T (z), which is concave in z and maximized
atz =z. Hence T!(2) < Oforall z > z, and recalling that ¢; < ; < 1/2,

lim T;(z) = (ai —a-) (2—0(1- —aj) 2>0,

P i

with strict inequality when a; < ;. Since T} (z) < 0 for z sufficiently large as the
coefficient of z? is negative, it follows that A; is first increasing (when T; (z) > 0)
and then decreasing with z (when T; (z) < 0) if a; < a; and is decreasing with z for
allz>zifo; = a;.
Likewise,

% (1-2)°T,¢)

oz 2 2 N\
_ 2 _ — — 2
(1-a) (2(1-a) = (1-a)'2)
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1443

where , )
T;(z) = (l—a)z+2(1—a)zg—(l—ai)zz.

The sign of f depends on the sign of 7} (z), which is concave in z. Now, for all
z>z,
Tj/ (z)=-2 [(1 - aj)zz— (1- ai)zg] <0.

Moreover, recalling that a; < o,

limT7; (z) = = (o — Ctj) (2—a - aj) 2 <0.

>z

Hence, T;(z) < 0 for all z > z, so A is decreasing with z for all z > z.

Proof of Proposition 5.

(i) Differentiating (14) with respect to «;, yields

oCS (a,-, aj) cH,
Jda

. 2 2 2\3’
(2(1-a)’(1-a) - (1-aq)’)
where the sign of the derivative depends on the sign of

H, = (l—a(l—a))(l aa)4

' i%
~(1-a)’(1-aa)’ 2(1-a) (1-a) +1 -aq):=
+2(1-a) (1-a)’(1-ae) (2-a (4 -, - aa)) 2
—2(1-a) (1 aj)3(1—aa ) (=) +( 1—09.)2
+o(l-a)(l-a(2-q)))2
+(1-a) (1) B+eo(1-q) +a (1 -a (3+a))) *
—(1+a) (1-a)'(1-a)°2

Since the coefficient of z° is negative, H, < 0 when z is sufficiently large. Using

Mathematica, it turns out that /; <0 forall z > zand all0 < a; < a; < 1/2.°!
(i) Differentiating (14) with respect to a;, yields

oCS (a;, ;) cH.,

iV J
da

Qe

' The command we use is Reduce[H;>0 && z>z && 0<a; <1/2&& 0<q; <

1—(1,-(1/

a;, {z, a;, aj}] where z = . The command returns the output “False,” implying that, given

: ' =7 (w)

the parameter restrictions, H; < 0.
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1444 SANDRO SHELEGIA AND YOSSI SPIEGEL

L . . aCS(aza) .
where H, is similar to H;, except that a; and a; switch roles. The sign of # is

equal to the sign of H;, where

limHj = ai(ai _ aj)z (1 to— aj) (2 - — aj)2(1 - a,aj)4 >0,
T 4
- (1 _ai)

with strict inequality for @; < a;. By contrast, H; < 0 when z is sufficiently large
because the coefficient of z° is negative.
(iii) Evaluated at = =a,

l+a\’
(A3) H=-(1-0 (1+CU-0+a) (z(1-) +a)) (- == ) <0,

where the inequality follows because by Assumption AS, z > z = :_l: when a; =

a; = a.
|
Proof of Lemma 4.
(1) Note from (15) that when @; = a; and m — 1 + a;, 47 — 0, and
(1+ai)—(l+aj) 1
A;‘ - 5 = .
T (M4 = (1+a) (1+a) I+a
Ifo,=a;,=a,
—(1
pepem@do L
T (4 mtlta
which is approaching —— when m — 1 + a. Moreover, note that A¥ — 0 and

2(1+a)
ij’.‘ — 0asm — oo.

(ii) By straightforward differentiation,

o(5+%)  m-(+a))’
(e (14 a) (1+a))

o(i+%)  (m-(ra)
oa; (m> = (1+a) (1+q))’

(iif) By straightforward differentiation,

o _ —(m-(1 +a,-))2 + (g -a) (1+a)

(= (1) (14a))’
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1445

and

E (’”‘(1+qf))2+(“i“’ff)(1+“j).

om (m2—(1+oz,.)(1+ozj))2

0%
s <
) ot Z0if m=im,

*

Recalling that «; < a;,

where 771 is defined by (16). Also note that when «; = a;, 1 = 1 + a;, 50 ‘::;l <0
for all feasible parameter values.

Proof of Proposition 6.  Straightforward differentiation, using (15) and (17), yields

0CS (ai,aj) 3 B(m— (l +aj)) M,

o (m> = (1+a) (1+a))"
()CS(zxi,aj) _ B(m—(l+ai))Mj
9 (m> = (1+a) (1+a))"

where

MvE—(l +(x,-) (1 +(xj) (1 —avo)

i J

+(1+aj) (2+(l—a,)a)m—(1+(2+aj)a)m2+am3,

9CS(ara)

and M, is similar to M;, except that a; and a; switch roles. The signs of and

dCS(al

i o 24 ) depend on the signs of M, and M;, which in turn depend on four parameters:
o, m a;, and a;, where m > 1 + «; and0<0'<a <a,<1/2.

(i) and (ii) M; and M; are a positive cubic function of m (the coefficient of n:’

is positive); hence M; >0 and M; >0 for m sufficiently large. If ¢ — 1/2,
then a;,a; — 1/2; by Assumption AS, then, m>1+a; » 3/2, implying
that M, = M; — (m— 3/2)3/2 > 0. Hence, in both cases, acsa(ﬂ >0 and
OCS(a,-,aI) '

a

> 0. At the other extreme, if ¢ — 0 and om — 0,
b

M= —(m-(1+a)) - (q,-a) (1+a) <0,

implying that 2 (a’ 9C8(ei;) < 0.
Now, note that K

oM,

J _ 2 3
Se —a,-(l +al-) (1 +aj) + (1 +al-) (1 —q,-)m— (2+a,-)m +m.
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1446 SANDRO SHELEGIA AND YOSSI SPIEGEL

Using Mathematica, the derivative is strictly positive for m > 1 + a, and all 0 <
@ < a; < 1/2;* Since M, > 0 for 6 — 1/2, it follows by continuity that M; > 0
for o sufficiently large.

Next, note that,

lim M-=—(1+ai) (a —a)(l—(ai—av))o'<0.

m—1+a; ! / -

Moreover, lim,, _, +ai% =— (o, — ;) (2— (1 +3a,) o) <0, where the inequality
follows because o < a; < 1/2 implies that 2 — (1 + 3a;) 6 > 2= (1+3/2) /2> 0.
Since M, is a positive cubic, it follows that M, < 0 for values of m not too much

above | + @;, and M; > 0 otherwise. Likewise,

lim M, = (1+a) (o, — ) (1+06)>0,

m=l+a;
and lim,,_,, 2% = (1 +a,) (@ — @) 0> 0,lim,,_,,, 2% = =2(1+ (1-24,) )

< 0, where the nequality follows because o <a; <1/2. Since M; is a positive
cubic, M; > 0 for m not too far above 1 + a; and it is possible that M; > 0 for all
mif M; has only one root (rather than 3).

(i) Ife — 0 and om — 0,

M; = —(m - (1+“i))2+("i“’j) (I+a),

which is negative if m > i and positive if m < . Hence, M <0ifm>im
and 29 5 0 if m < .
%
(iv) Evaluatedata; = e, =a >0, M; = M; = M, where
2 1
M=om-+a) (m-(—-a)).
o
0CS(tx,a,a/) _ 0CS(a[,a/) <n. <1
Hence, I P Oasm < - —a
|

Proof of Proposition 7. Recall that when the PCO structure is symmetric,

k> 7 (a)(1 + a); since 7 (@) = 7™ as a > o, (19) implies that A(a) = #ﬂ;)n”’ > ’;—k
Hence,

— m
zm 7 7[

A A > =
@ - 2k 2k+7+ R, —mm ="

"(2k+ &+ A, — " — ") =2k (& —x")
2k (2k + £+ £, — " — 7™)

2 The command we use is Reduce[D [Mj,a] <0 && m>1+a && 0<a<q
< 1/2,{a;, @;.m}]. The command returns the output “False,” implying that, given the parameter

. oM;
restrictions, - > 0.
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HORIZONTAL PARTIAL CROSS OWNERSHIP AND INNOVATION 1447
2k (" — 7+ a") — " (2" — &+ 2" — 7,)
2k (2k+ A+ £, —n" — 7™)

2k — ™) (n’”’ -7+ ﬂ:,") + "7,

>0,
2k (2k + £+ £, — x" — 7™)

III
@

where the last inequality follows because by Assumption A4, k > ="
Expected consumer surplus under semicollusion is given by

which is analogous to (20). Comparing CS** with (20) and noting that p” > p > p™ >
¢ > 0, it is clear that CS (&) > CS**. [ |

Proof of Proposition 8. In the text we show that A (a) > A®’V. Turning to the unit
demand case, substituting z” = Band m = k/Bin (19) and (21), the equilibrium levels
of investments under PCO are under RJV are given by

1 RIV 1
AMa)= ——, ANV = ——
(@) m+1+a m+2

Note that indeed, A (a) > ARV asa < 1/2.
Using (17), expected consumer surplus under PCO and under RJV are given by

B(l+o@tm?) oy _ B(L+a(+m?)

CS = s
@ m+1+a) (m + 2)?

da
otherwise. Hence, for all 0 < a < 1/2, CS (a) < CS®V if m > ~ — a and conversely if

m<i—a. [ |
c

Notice that CS (1) = SRJV and that by (18) BC?}(’: ) > 0ifm > ! _sand 9CS(a.2) <0

Proof of Proposition 9. Note that,

mk —anr™ (7[’” _ 7[:)")

A —
@ T k+ (L +ayzm (k+ 2 —am)

T (7(’" 7[’”) e
= —af.
k+{A+a)zm) (k + 2" — 7r:?7) M (71'”’ - n'i,")

Since by definition z™ > z, A(a) > A" if and only if (22) holds. Consumer surplus
is higher under PCO since prices under full merger are either p” or p” > p™, whereas
under PCO they are lower and equal to p”, p (a) < p™, or c. |
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