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Abstract

We consider the quantum problem of a particle in either a spherical box or a finite spherical well
confined by a circular cone with an apex angle 26, emanating from the center of the sphere, with

0 < 0y < 7. This non-central potential can be solved by an extension of techniques used in spherically-
symmetric problems. The angular parts of the eigenstates depend on azimuthal angle ¢ and polar
angle O as P} (cos §)e™? where P} is the associated Legendre function of integer order m and (usually
noninteger) degree A. There is an infinite discrete set of values A = A" (i=0, 1, 3, ...) that depend on
mand 6. Each \]" has an infinite sequence of eigenenergies E, (\}"), with corresponding radial parts
of eigenfunctions. In a spherical box the discrete energy spectrum is determined by the zeros of the
spherical Bessel functions. For several 8, we demonstrate the validity of Weyl’s continuous estimate
Ny for the exact number of states V up to energy E, and evaluate the fluctuations of A/ around Ny .
We examine the behavior of bound states in a well of finite depth Uy, and find the critical value U/(6,)
when all bound states disappear. The radial part of the zero energy eigenstate outside the well is
1/r*1, whichis not square-integrable for A < 1/2.(0 < A < 1/2) can appear for 6, > 6.~ 0.726m and
has no parallel in spherically-symmetric potentials. Bound states have spatial extent £ which diverges
asa (possibly A\-dependent) power law as U, approaches the value where the eigenenergy of that state
vanishes.

1. Introduction

Closed form solutions of the non-relativistic Schrédinger equation for a single particle are useful for intuitive
understanding of quantum mechanics [1]. Unfortunately, exact solutions are not very common. Even in one
dimension (1D) the list of ‘simple,” analytically solvable, potentials is rather short: it includes the trivial cases of
‘particle in abox’ or finite-depth square well potential, harmonic oscillator, and a list of moderate length of
additional potentials [2—4], or potentials that can be reduced to such simple potentials by appropriate
transformations (see, e.g., [5] and references therein). In higher dimensions, ‘exactly solvable’ problems are
usually reduced to a sequence of 1D problems, such as separation of the d-dimensional ‘particle in a rectangular
box’ problem into d 1D problems in Cartesian coordinates, or similar separation of a d-dimensional harmonic
oscillator into 1D oscillators. (In exceptional cases not amenable to variable separation, alternative methods
based on supersymmetry or shape invariance exist [6, 7].) For central potentials, such as Coulomb interaction, or
‘spherical box” or finite spherical well, the simplification is achieved by separating the radial equation from the
angular part, while the angular partin d > 3 can also be separated into several differential equations
corresponding to various angles such as the polar angle § and the azimuthal angle ¢ in three dimensions (3D) [5].

In this work we consider a particle either confined in a 3D spherical box or placed in a finite depth spherical
well. In both cases the allowed space is also confined by a rigid cone of apex angle 26, with the apex located at the
center of the sphere. The resulting potential is not spherically-symmetric, i.e. non-central, but it can be solved
using a slight extension of central potential methods which would be used in the absence of the confining cone.
The angle 0, is a dimensionless parameter that can qualitatively modify the solutions of Schrédinger equation
and introduce some features the are absent in the central potential cases.

© 2022 The Author(s). Published by IOP Publishing Ltd
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Besides the pedagogical value of this particular quantum problem as well as applicability to small quantum
systems with similar geometry, it is also related to several classical problems: (a) When i0/9¢ in the Schrédinger
equation is replaced by 0/0t, it resembles a diffusion equation, with quantum potential V(r) proportional to
particle production or absorption rate at position r, while a combination of other constants is proportional to a
diffusion constant; it is one of the simpler forms of the Fokker-Planck equation [8]. (b) For long ideal polymers
the partition function Z satisfies an equation resembling the Schrodinger equation [9] with time replaced by
imaginary iN, where N is the number of monomers, and the quantum potential V replaced by the potential of the
polymer problem divided by kgt (cf., [10]). (Sequence of the instantaneous monomer positions r(i), where i is
the monomer number, can also be viewed as a time sequence r(¢) of a diffusing particle, thus mapping the
polymer problem onto a diffusion problem.) In the polymer problem the usual dependence of the quantum state
with energy E on time ~ e“/" is replaced by the polymer length dependence ~ e *Y, and therefore it is
dominated by the ground state. The presence or absence of bound states in the quantum problem corresponds to
the presence or absence of adsorption in the polymer problem [10, 11].

The 3D problems that are not spherically symmetric are usually not exactly solvable. However, a particular
class of non-central potentials that has the form [12, 13]

£ g(p)

Vi, 0, p)=U@F) + —= +
( ?) ) r2 r2sin? 0

@

can be separated in a form resembling central potentials. In classical physics, such a Hamiltonian has three
constants of motion [14], while in Schrédinger equation the parts dependent of § and  have the form that is
naturally present when the equation is written in spherical coordinates, and the resulting equation separates into
an azimuthal (p-dependent) part that has a possibly non-integer eigenvalue m1, which appears in the eigenvalue
equation for the polar (f-dependent) part with possibly non-integer eigenvalue A. Of course, separation of the
Schrodinger equation into three one dimensional equations does not by itself make it exactly solvable, but for a
certain collection of potentials it is possible to express the solutions via known functions and even provide
algebraic expressions for the eigenvalues [12, 13]. For central potentials the angular parts have integer eigenvalues
mand A = £, and the angular functions are spherical harmonics Y,,,,(6, ).

In this work we consider a potential without azimuthal dependence (g() = 0), thus leaving that part of
eigenfunction in the standard form (e”¥ with integer ) familiar from central potentials [ 1]. The polar part of
the potential represents the confinement of a particle inside an infinite circular cone

) = {0’ b < o @

oo, otherwise.

Such a potential does not introduce additional energy scales, but forces the polar part of the eigenfunction to
vanish for @ = 6. For the particular case of §, = 7/2 it represents a repulsive plane. By itself, the infinite conical
surface is length scale-free and represents an interesting case for many physical problems described by a Laplacian
in the presence of a conical boundary, such as as problems of heat conduction or diffusion near cones [15], or
polymers attached to conical probes [16—19], or Casimir forces experienced by conical conductors [20], or
diffraction of electromagnetic [21-24] and acoustic [25] waves by conical surfaces.

Ifthe apex of the confining cone is placed in the center of a spherical box or a finite spherical well of radius 4,
then the angle 6, controls the length scale afy and therefore strongly influences the eigenstates of the system.
However, a change in 6, does not modify the angular part of the Schrédinger equation, but only imposes
boundary conditions on that part of the wavefunction.

In section 2 we demonstrate the variable separation in Schrodinger equation for a particle in a spherical box,
and show the fy-dependence of the angular constants and the energy eigenvalues. We also study the structure of
eigenvalue bunches that are created, and the behavior of the eigenvalues for 8, near 7 or 0. In section 3 we verify
the validity of a continuous function that estimates the number of states up to a certain energy E, and study the
deviations of the exact results from the continuous estimates. Similar techniques are used in section 4 to study a
particle in a finite spherical well. Special attention is paid to the presence or absence of bound states. In section 5
we examine the properties of zero-energy eigenstates that appear for special values of the well depth and show
that for large 6, some eigenstates are not normalizable. We show that, when the decreasing well depth
approaches the condition where eigenenergy of a particular state vanishes, the spatial extent of the eigenfunction
diverges with an exponent that may depend on 6. In section 6 we compare some our results with analogous
properties of spherically-symmetric potentials, and also discuss the application of our results to polymer
adsorption.
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Figure 1. Spherical box (infinite potential well) of radius a bounded by a cone with apex angle 26, (orange volume), with the symmetry
axis along the Cartesian zaxis.

2. Infinite potential well

As asimplest example of a central potential confined by a conical surface, we consider a quantum particle of
mass m in a 3D spherical box (infinite potential well) of radius a bounded by a cone with apex angle 26y, such that
the complete potential can be written as

V(r):{O, r<a,t <0 3)

oo, otherwise,

where the radius rand polar angle 6 are the spherical coordinates. An example of such confining space is
represented in figure 1. Itis convenient to work with dimensionless variables, where distances are measured in
the units of sphere radius a, while the energies are measured in the units of 4/2ma’. The time-independent
Schrodinger equation [1] in these dimensionless variables is

(=V? + V)¢ = Ey, %)

where E is the energy eigenvalue and v is the eigenfunction. In the absence of a confining cone, a spherical box is
atextbook example [1] of a confined particle. In the presence of a cone, we follow a similar path of solving the
equation by separation of variables, which in spherical coordinates leads to

1fo(,0), 1 a(. 0 1o
NRL A PRia 2 [singZ i Vip = E. 5
rz[ar(r 3r)+sin089(sm 89)+sin298@2]¢+ v="E ©)

As in the case of a central potential the solution can be separated into a product of radial, polar and azimuthal
functions yY(r, 6, ) = R(r)O(0)P(p). Since, the potential in equation (2) is independent of (p, the azimuthal part
of the eigenstate satisfies the same equation as in the case of central potentials

2
—% = 3, ©)
@

which is satisfied by the functions ®,,() = €% withm = 0, & 1, & 2,.... These are eigenstates of the z
component of the angular momentum since the potential is invariant under rotations around z axis.

The equation for the polar function ©(6) coincides with the usual equation used for a central potential, since
the restricting cone in equation (2) only influences the boundary conditions (O(6,) = 0) but does not otherwise
affect the differential equation. The function ©(6) obeys the general Legendre equation, in the variable
x = cos 0, which in terms of polar angle 6 has the form

3
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Figure 2. Dependence of polar eigenvalues (degrees) A" for various azimuthal eigenvalues ms of a particle in a spherical box, confined
by a cone of apex angle 26, on w = cos 6. Four lowest line bundles are shown (from bottom to top) i = 0 (black), i = 1 (red), i = 2
(blue) and i = 3 (green). The leftmost point of each bundle corresponds to the integer degree A" = i = #.Forw > — 1 eachbundle
splitsinto i = £'separate lines for m = 0,1, ..., i = #with (top to bottom in each bundle) m = 0 depicted as solid lines, m = 1—dashed
lines, m = 2—dot-dashed lines, and m = 3—dotted line. When the cone becomes a plane (w = 0) then the lowest line \) corresponds
to integer degree and order (1,0), the second lowest line is Aj at w = 0 geometry corresponds to (2,1), while the third lowest point
(intersection of A} and /\g lines) corresponds to (3, 0) and (3, 2). The order m remains constant along each of the lines, while the degree
A changes.

1 d d m?
2 gnoL) - 0= A\ + 1O, 7
[sin9 d@(sm da) sinw] At @

where the eigenvalue —A(X + 1) is expressed in terms of the constant ) called the degree of the equation. In the
absence of a confining cone, the degree of this equation has integer values A = £, with £ > |m|, and the
eigenfunctions are given by the associated Legendre polynomials of cos 6 of order m and degree 7,
O(0) = P/’ (cos ), and as a result the entire angular part of the eigenfunction is a spherical harmonic
Y oc P/ (cos §)e™¢ [1]. While the order m explicitly appears in equation (7), it only influences the shape of the
eigenfunction, but does not affect the integer degrees £, and the angular part as well as the energy of the entire
eigenstate remains (2¢ 4 1)-fold degenerate. This is not the case in the presence of a confining cone: The
associated Legendre polynomial solutions of equation (7) are replaced by the associated Legendre functions
P{"(cos ). For each integer m this equation has an infinite set of (usually non-integer) degrees A" (i = 0,1,2, ...),
such that the polar function vanishes on the boundary (P (cos bp) = 0).

As the angle of the cone changes, and the value of w = cos 6, varies between —1 and 1, the geometry of
confinement changes between almost unconfined well with an excluded ‘needle’ along the negative z axis for
w = — 1, to an excluded cone along the negative zaxis (—1 < w < 0), to confinement by a plane, i.e., particle
confined in the z > 0 hemisphere (w = 0), and to a particle confined inside a cone along the positive z axis
(0 < w < 1). If wis changed continuously, the degree A" also changes continuously as depicted in figure 2. For
w= — 1 we essentially have an unconstrained particle in a sphericalbox and A = ifori=0, 1, 2, ...
independently of the values of m, as long as i > |m|. These are the #values of the spherical harmonics, and each
AL, = ¢ isdegenerate 2¢ + 1 times. This degeneracy is lifted once w becomes larger than — 1, except for two-
fold degeneracy for m = 0 for + mand — m pairs, since m appears only as m” in equations (6) and (7). All \s
monotonically increase with w eventually diverging in the w — 1 limit. Thus every value of \(w = — 1) splits
into i + 1 branches A" corresponding to different |m|s. (We will refer to each such group of lines as a bundle.)

The divergence of the ! lines in w — 1 limit in figure 2 can be inferred from the properties of the zeros
(roots) H&j) (j=1,2,...)of m = 0 Legendre functions Py (cos #) in the open interval (0, 7) of fs, i.e. the solutions
of Py (cos Hf\j )y = 0.(For ¢ < A< ¢+ 1thereare £ + 1 suchroots.) In fact, all the curves in figure 2 have been
constructed by choosing fixed A and fixed m an finding all the roots, when every root belongs to a different curve
in the figure, and then tracing the curves by gradually varying \. For integer s only a discrete set of 8}/ can be
accommodated, but for general As the roots can have any value. This statement can also be inverted to say that
any value of , can be a root corresponding to an infinite sequence of A?s or any vertical line in figure 2 intersects
infinity of A curves. Several tight bounds on the roots are known—see, e.g., [26] and references therein. They
can be used to produce large- A approximation \? ~ ma; /6y, withi 4 1/2 < a; < i + 1, where the bounds on a;
are derived from the bounds on the position of (i + 1) th root. (Strictly speaking, the bounds on the roots in [26]

4
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have been derived for integer As, but for small fyand large A they can be used for noninteger As.) Since for small
0y, we can approximate 6y ~ /2(1 — w), and the functional dependence of the branches becomes
N ~ 7a; /\[2(1 — w), thus explaining the divergences seen in figure 2. The bounds on the coefficients a; also
ensure that the different branches \? do not intersect. (Non-intersection of A! lines is also ensured by the fact,
that an intersection would create a multiple root of P, thus contradicting the known fact that all their roots are
simple.)

From the definition of associated Legendre functions Py’ via derivatives of regular (i = 0) Legendre
functions P, or from standard recurrence relations between the functions [27], one finds that

dpy"
prit= 1 — 282 X pm (8)
dx 1 —x2

At two consecutive zeros (simple roots) of Py the second terms on the right hand side of equation (8) vanish,
while the first terms (the derivatives) have opposite signs, and therefore P{"*! will have opposite signs at those
points. Thus, the zeros of P{" ! lie in between the zeros of P}". Consequently, the branch of A}" in figure 2 will be
locked between branches A7~ 'and A", if they both exist, and will not intersect with them. Thus 7 = 1
branches will be between m = 0 branches, and m = 2 branches will be between m = 1 branches, etc (However,
m = 2 branch can intersect m = 0 branch, as can be seen in the intersection of A3 and \ lines in figure 2.)
Nevertheless, it means that lines A} with any m diverge as 1/ J1 — w forw—1, i.e. have the same divergence as
m = 0 branches. At every integer level A = Z, the horizontal line in figure 2 will cut # — m branches with that
particular m, since this is the number of zeros of P/ in the open interval ( — 1,1) of w. (This excludes extra zero at
w = — 1). Foranoninteger A between some £and £ + 1, the number of such intersectionsis £ — m + 1.

The eigenfunctions must vanish on the cone boundaries, even in the limit where the excluding cone becomes
needle-like along the negative z axis and, eventually, just a line for w — — 1. For m = 0 the polar eigenfunction of
an unrestricted sphere P/’ vanishes at = mand therefore Py" naturally approaches P/’ as 6, approaches 7.
Consequently, all m = 0 curves in figure 2 approach w = — 1 points linearly. This is not the case for m = 0,
where P? does not vanish at @ = 7, and differs from P} (cos ) = 0 for w = cosfy = —1 + ¢,with0 < e < 1.
As wapproaches —1 the restricted and unrestricted solutions become almost identical everywhere except for a
very narrow region around the negative z axis, that remains present although its volume vanishes. This behavior
is reflected in the fact that the \;—, approaches its limiting value £almost vertically: From the asymptotic forms
of Py near the singularity [28] one finds that for w close to —1 the eigenvalue \}_, ~ # — 1/In(1 + w).

To gain some intuition into the behavior of the curves in figure 2 we examine the relations between the
eigenstates of unconfined particles in a spherical box (w = — 1) and particles confined in a hemisphere (w = 0).
We note, that As are integers and with significant degeneracy for w = — 1, but also for w = 0 the As are integers,
and there is some degeneracy due to intersections of different branches. In the former case the polar eigenvalues
¢ =0, 1,...,are degenerate 2¢ + 1 times, since for each #we have m = 0, £ 1,..., & #. Spherical harmonics Y,"
can also be used to build the eigenstates of a hemisphere. We note that equality P/’ (cos 6y = 0) = 0 is valid
when Zand m have opposite parity. Thus almost half of the eigenfunctions of an unrestricted sphere vanish on
the plane 6y = 7/2 (or z = 0) and can be used as a set of angular functions for hemisphere. Thus we have
eigenfunctions and eigenvalues with (¢, m) = (1, 0), (2, = 1), (3, 0), (3, & 2),... The seeming reduction in the
number of the eigenstates reflects the decrease in the volume of the system. We can now observe how the lowest
branch that begins with \J(w = —1) = 0, which corresponds to (£, 1) = (0, 0) state of the complete sphere,
increases with increasing w and reaches AJ(w = 0) = 1, which corresponds to (£, m) = (1, 0) eigenstate of the
hemisphere. Similarly, the 7 = 1 branch of A\l(w = —1) = 1which corresponds to (£, 1) = (1, 1) of a complete
sphere increases and reaches value A} (w = 0) = 2, which corresponds to (£, m) = (2, 1) eigenstate of the
hemisphere. The m = 0 branch that also begins at A} (w = —1) = 1, which corresponds to (¢, 1) = (1,0) ofa
complete sphere reaches value ) (w = 0) = 3, which corresponds to (£, m) = (3, 0) eigenstate of the
hemisphere. At w = 0 the latter branch intersects m = 2 branch that started at \2(w = —1) = 2 and reached
A (w = 0) = 3, which corresponds to (£, m) = (3, 2) eigenstate of the hemisphere, and therefore completes the
eigenstate mentioned before with 7 = 0. Thus, increase in w causes ‘reordering’ of the eigenstates. There are
additional intersections of different branches, corresponding to a variety of cone angles ;. Those, however, are
accidental degeneracies of unrelated states.

The line intersections in figure 2 described in the previous paragraph are in line with the theorem [29] that
two associated Legendre functions P/’ (w) and P}’ ’ (w) with integer degrees and orders and |m| = |m’| have no
common zeros with exception of the case when #and m have opposite parity, as well as #and m’ have opposite
parity, in which case they have common zeros at w = 0. This exactly describes the intersections at w = 0 in
figure 2. At the same time, it means that there can be no other intersections at integer As. Indeed, the accidental
intersection of A\ and )\ lines in figure 2 appears at non-integer A slightly larger than 3.

5
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Figure 3. The energy E spectrum as function of w = cos 6. For each A shown in figure 2 there is an infinite sequence of roots n = 1,
2,... shown with different line thicknesses, the very thick (lowest) line (n = 1), intermediate thickness (higher) line (n = 2), thin
(highest) line (n = 3), while the line styles and colors are the same is in figure 2. Since the roots of Bessel functions depend only on the
values of A every bundle of As in figure 2 creates multiple similar bundles of energy lines in this figure. Degeneracies of A lines in
figure 2 translate into energy degeneracies in this figure. Additional accidental energy degeneracies are created by intersection energy
lines belonging to different ns.

The radial part R(r) of the eigenfunctions of equation (5) is a solution of the equation

1d(,dR AN+ 1D
2 4 [,288 AMAT p _p —
r2dr (r dr ) + r? R=1 UMIR, ©)

where the radial component U(r) of the potential V(r) vanishes inside the well, and only manifests by the
boundary condition R(r = 1) = 0. This is correct both in the absence and the presence of the confining cone. We
note that the equation only depends on the polar eigenvalue A but not on m, although the actual value of A may
depend on . This equation is solved by the spherical Bessel functions j, (JEr), so that the complete
eigenfunctionsare ¢ (r, 6, ¢) o j, (VEr)PJ"(cos §)e™#. By imposing the boundary condition A (VE) = 0, we
find the energy spectrum of the system

E,(N) = ap(V), (10)

where av,(\) is the nth zero of j\(x). Figure 3 shows part of the energy spectrum as function of cos 6 for different
values of n, A and |m|. Since the eigenenergies directly depend only on A, the figure 3 slightly resembles figure 2.
In particular degeneracies (accidental or not) seen in figure 2 are ‘reproduced’ in the energy lines. To facilitate
comparison of these two figures, we employed the same coloring and line-type scheme for the graphs: the energy
line types and colors are identical to lines types and colors used to described As for which those energies were
calculated. However, since every specific value of A produces an infinite series of roots «v,,(A), with n =1, 2...,
every single line in figure 2 produces many lines in figure 3. They are distinguished in figure 3 by line thickness
where n = 1 corresponds to the thickest lines, and the thickness decreases with increasing #. Besides the energy
degeneracies originating in the degeneracies of s, there are additional accidental degeneracies when roots of
different order belonging to different As coincide. Due to simple relation between the energies and As in
equation (10) the properties of Asin w — — 1 and w — 1 limits are partially (qualitatively) mimicked in the
energy spectrum.

Since for large A the first root a;; (A) ~ A[30], the ground state energy will (due to equation (10)) diverge in
the w — 1limitas (\))?> ~ 1/605 ~ 1/(1 — w). The same conclusion can be reached from Heisenberg’s
uncertainty principle, since for small 6, the confining dimension in the sphere of radius a constrained by the
cone is afy leading to uncertainty in momentum of order #/afy, which corresponds in our dimensionless units
toenergy E ~ 1/03.

3. Weyl relations in a confined infinite well

As can be seen in figure 3 the eigenenergies corresponding to a particular branch increase with increasing
confinement, and the number of eigenstates A(E) with energies below a certain value E decreases. The exact
M(E) in abox of an arbitrary shape is a step-wise function, which jumps upwards by an integer amount whenever
an eigenenergy is encountered. The size of the jump is the degeneracy of that energy level. For more than a

6
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century Weyl and his successors developed a smooth function Ay (E) approximating A(E), which in d
dimensions has the form Ny = @,E¥/2 + q,E@-D/2 4 g,E@-3/2 1 (Foran overview see [31—33].) The
expression for Ny is rather general and requires surprisingly little information about the system. However,
some uncertainty exists both regarding the exact conditions for the validity of such expressions and the behavior
of the remainder

r(E) = ME) — Nw(E). (11)

The subject has been extensively studied for a particle in a square (cubic) box in 2D (3D), where the problem of
number of states is reduced to the counting of number of square (cubic) lattice points A/ within a circle (sphere)
of radius R. (The radius R is proportional to +/E in the quantum problem.) One can easily produce a continuous
estimate Ny for such geometries [31]. However, the estimate of the remainder r(E) dates back to ‘Gauss circle
problem’ (in 2D case), and has a long history of bounds [31] that are specific to the shapes of the quantum boxes.

Robinett studied a circular box in 2D confined in a sector [34]. When the opening angle of the sector is
changing, the area and the perimeter of the confining box both change, but they are are not proportional to each
other. The structure of the eigenfunctions is relatively simple, since the azimuthal (angular) eigenstates are
simple sine functions. This work demonstrated the validity of two-dimensional (2D) Weyl formula for the
system. Particularly enlightening in that study is the comparison of full (unconstricted) circle, with a circle when
the the sector has a angle of 27, i.e., degenerates into a single excluding radius line, and with the sector that has
opening angle 7, i.e., the particle is restricted to a semi-circular box. Our problem of a spherical box restricted by
acone is the 3D generalization of the same problem. However, as explained in the previous section, already the
determination of the polar degrees A as functions of the cone apex half-angle 6, had to be performed
numerically, followed by a solution of the radial eigenvalue equation determining the eigenenergies E, that are
related to the numerically known roots of Bessel functions. Nevertheless, we verified the accuracy of Weyl
expressions for several angles 6. Unlike the 2D problem, the case corresponding to 6, = , i.e., when the cone
becomes an excluded needle, the spectrum coincides with that of completely unrestricted sphere, i.e., in 3D the
excluded zero-width radial line does not modify the energy spectrum. In this section we present in detail
comparison of the 0y, = wand 6, = 7/2 cases, i.e., a complete sphere and a hemisphere. The angular parts of the
eigenfunctions in these cases are represented by integer #s and s and provide intuitive insights into the
properties of Weyl formula.

The fact that density of states per unit volume in 3D system exists independently of the overall shape of the
system, i.e., the leading term in the number of states A/ is proportional to the system volume ), was implicit in
the calculations of black body radiation or counting mechanical oscillatory modes in a solid already in the late
19th and early 20th centuries. Similar problem appears in the statistics of the eigenenergies of Schrodinger
equation for a particle in abox. Mathematically, this is a scalar Laplacian eigenvalue problem of determining the
number of eigenstates up to a certain value E. (It is related, but not identical, to nonscalar problems, such as
classical electromagnetic or elastic waves, where E is replaced by squared wavevector.) It has been formally
proven by Weyl that to the leading order A/ is proportional to the system volume V. In our dimensionless
variables this number of states (for a scalar problem in 3D) is 7; = (V/67%) E3/2. Our choice of unit length scale
a does not affect the formula, because a choice of different length scale a, modifies values of V and E, while
making no change in the coefficient of the formula. Similarly, the change in the shape of the box does not
influence this expression. In our examples of the sphere- and hemisphere-shaped boxes the unit length defined
as the radius of the sphere, and the system volumes will be Vi) = 47 /3 and Vi, = 2 /3, respectively.

For finite systems boundaries introduce subleading corrections to the total number of states. The corrections
depend on the type of boundary conditions (b.c.) imposed on the wavefunction, such as function vanishing on
the boundary (Dirichlet b.c.), or normal derivative of the function vanishing on the boundary (Neumann b.c.),
or linear combination of the function and its normal derivative vanishing (Robin b.c.) [35] conditions. In 1913
Weyl conjectured [36] that for smooth bounding surfaces the correction to the number of eigenstates in the
Laplacian problem with Dirichlet b.c. is proportional to the surface area S and is givenby 7, = —(S/167)E.
(The coefficient in this expression depends on b.c. [35] and, in particular, for Neumann b.c. it is the same
expression but with an opposite sign.) In our examples of sphere- and hemisphere-shaped boxes the surface
areas are SO = 4mrand S D= 37, respectively.

Even smaller correction originates from the shape (‘curvature’) of the surface, and is given by
T; = (C/6m?)E"/2. The differentiable parts of the surface where two main radii of curvature R, and R, can be
defined contribute to C the integral of mean curvature f dS%(l /Ry + 1/Ry). If the surface contains sharp
wedges, then their contribution depends on the wedge angle [31], and in particular 90° wedges contribute to C
amount (37/8) £, where L is the total length of such wedges. In our examples for a spherical box we have only
the curvature term: since the mean curvature of the sphere of unit radius is 1, the total curvature contribution is
Co = 4n. For the hemisphere the nonvanishing curvature contributes 27, while the 90° edge of length
2mcontributes another 37 /4, leading to total C N = 2m + 3m’/4.
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Figure 4. (a) The exact numbers of eigenstates (step-wise solid black lines) for sphere (top bundle of lines) and hemisphere (lower
bundle of lines) as functions of the energy E. The exact results are compared with Weyl approximate continuous lines for a sphere (red)
and a hemisphere (blue) as in equations (13) and (14), where in each bundle the top solid lines show only the first (leading) term for
both geometries, the lowest dashed lines show two first terms, and a dotted lines slightly above the dashed lines show all three terms (b)
The exact difference between the numbers of steps in a sphere and twice the number of states in a hemisphere (step-wise solid lines)
NO — 2N, as function of the energy E. It is compared with the Weyl estimates of the difference. The leading terms in Weyl formulas

cancel out, and the dashed (blue) line represents the difference of second terms (%E ), while the dotted (red) line represents the

difference of second and third terms, i.e., éE — iEl/ 2,

By combining the volume, surface area and ‘curvature’ terms of Weyl function we get the following
expression for the number of states [31]

VE3/2—iE+ ¢

ot Tert gt TOED (2

Nw(E) =T+ T+ Tit..=

In the specific cases of sphere and hemisphere, these can be written as

Nwo = %EW - iE + %El/z + ... (13)
Nwp = LEW2 - iE + (i + l)EVZ + .. (14)
i o 16 37T 8

The validity of these expressions is demonstrated in figure 4(a) which has been obtained by numerically
enumerating the total number of states for each energy E. The figure presents the exactly measured N(E) both
for the sphere and the hemisphere and compares the exact results with Weyl functions in equations (13) and
(14). Each of the latter equations are shown in three approximate forms: solid line depicts only the first Weyl
terms, the dashed line depicts first two Weyl terms, and the dotted line depicts three terms While two-term lines
represent strong improvement in the correspondence with measured A over the single-term lines, the three-
term lines are barely distinguishable from two-term lines in figure 4(a). Moreover, the fluctuations of the
remainder 7(E) defined in equation (11) increase with E, and their departure from the continuous curves is larger
than the third term correction to Ay . (A meaningful comparison and validation of the third term can be done
only if the exact stepwise curve A is smoothed by an averaging procedure [31].) The extent of fluctuations can
be characterized by abound |r(E)| < cE”, where cand 3are some constants. For a cubic box there exist some
theoretical bounds on 3, but no such bounds are known for a spherical box. By numerically examination the |r
(E)| graphs in the range E < 4000, we note that all data points of a sphere fit under a curve with 3 = 1/2,and

¢ &2 3.2, while for the hemisphere we have the same (3 with twice smaller c. (However, these numbers are just the
‘ballpark’ estimates of a ‘random’ function in a limited energy range.)

As explained in the previous section the eigenstates of a complete sphere and a hemisphere can be
represented by integer Is, and the energies become independent of m. Therefore both the exact A/s and their
Weyl approximations Ny are simply related. For a complete sphere each £state is 2£ + 1 times degenerate,
while in hemisphere the parity of #and m must be opposite, and therefore each £state is degenerate #times. Let
N (E) be anumber of zeroes of the spherical Bessel function ji(x) up to certain maximal value x = ~/E, which
viarelation (10) is the number of distinct eigenenergies, up to energy E. (This function ignores the degeneracies
of the energies.) Then

NO(E) = > (2¢ + DNg(E), (15)

¢
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Ny (B) = 32 ENA(B). (16)
4

(The summation over ¢is finite since starting with some Zthere are no more eigenstates with energies lower
than E.) Itis known [30] that for large ¢’s the density of zeros of spherical Bessel function j, approaches a
constant: p(x) = (1/7)(1 + (£ + 1/2)*/x»)!/?for x > £ + 1/2. Consequently, for a given #the number of
roots up to energy E will be (to the leading order and neglecting prefactors) Ny(E) ~ (/E — ¢).Both No(E)

and N (E) in equations (15) and (16) include >, £ Nz (E) ~ fﬁ d¢¢ (NE — ) ~ E*/2 thus explaining the
leading terms in the Weyl relations.

Itis interesting to consider the difference between the number of states in a sphere and twice the number of
states in a hemisphere. From equations (15) and (16) NO (E) — 2NV, n(E) =2, Ng(E). Not surprisingly, this
difference cancels out the terms proportional to volume, and we can expect to have the leading term

proportional to E. Indeed from the approximate value of AV we find that Y, Nz(E) ~ f vE d¢(JE — ¢) ~ E.

Analogously, by subtracting Weyl functions of these systems we get Niy(E) — 2Ny [) (E) = %E - iEl/ 2,
Figure 4(b) depicts the exact difference between the numbers of states by a step-wise solid line. This result is
compared with the difference obtained from Weyl expressions truncated at the second term (dashed line) and
including also the third term (dotted line). We note an excellent agreement between the exact results and the
predictions of Weyl functions. Such clarity of the result is a consequence of very small remainders r(E) which are
significantly smaller than were seen in figure 4(a). In fact in the range of E < 4000 we found that |r(E)| < 4,1.e., it
does not increase with E. Apparently, since this is the sum of Ajs that does not account for degeneracies of the
eigenstates, the fluctuations are significantly suppressed. The accuracy of the third term in Weyl equation can be
clearly seen in this picture. It seems that the entire increase in the fluctuations |r(E)| in figure 4(a) was caused by
the growing degeneracy of the high energy eigenstates.

4. Finite spherical well bounded by a cone

Itis well known in quantum mechanics that purely attractive potential in d = 1 always has a bound state [37],
and for a sufficiently deep well it may have many bound states. (There is also a slightly more relaxed criterion
guaranteeing the presence of bound states [38—40].) Similar situation also exists in 2D, where the bound state can
always be found [41]. If space dimension d is considered as continuous variable, it can be shown that this
property disappears when d > 2 [42]. In particular, in 3D the presence or absence of the bound state depends on
the shape and depth of the binding potential. However, for potentials that have repulsive parts, such as infinite
barriers, the bound states are not necessarily present, and 3D case may resemble lower-dimensional situations.

In this section we consider a finite spherical well of radius a = 1 with depth Uy below zero potential outside
the well, measured in the same dimensionless units as in section 2. The finite well is bounded by a circular cone
with an apex angle 26, such that

—Uo, 1’<1,9<90,
V(r) =130, r>1,0 <0 (17)
o0,  otherwise.

This system admits both bound (E < 0) and unbound (E > 0) eigenstates, and we will examine the transitions
between them for various well depths and apex half-angles 6. Since the problem permits the same variable
separation as in the infinite well case discussed in section 2 the angular (polar and azimuthal) dependence of both
bound and unbound states inside and outside the spherical well are determined by the cone and are identified by
the same \}"s corresponding to a particular 6, that were depicted in figure 2 and explained in detail in section 2.

The radial component of the wavefunctions R(r) also satisfies the same equation (9) as for infinite potential
well described in section 2 but with the radial part of the potential

—Uo, r << 1,

18
0, r> 1. (18)

U(r) = {
Within the regions that the potential is constant (either — U, or 0), equation (9) can be solved by spherical Bessel
functions of the first and second kind, j and n,, respectively, when the eigenenergy exceeds the potential, and
modified spherical Bessel functions i) and k , for eigenenegies below the the potential. The spherical Bessel
functions are related to the regular (nonspherical) Bessel functions (denoted by the capital letters) by
) = JT/2x 1 2(%), ka(x) = /7T /2x K41 2(x), and the same for other function pairs. We note, that the
regular Bessel functions ], N, I,, and K, solve analogous radial equation in 2D [10], and some of the results
presented below resemble solutions of 2D problem, with A shifted by 1/2.

For bound states ( — Uy < E < 0) the radial part of the wavefunction is proportional to j(kr), with

k = JE + U, inside the well, while n, is dismissed since it diverges at the origin, and x(qr), with ¢ = J—E

9
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outside the well, while i, is dismissed since it diverges at r — oo . Thus the wavefunction has the form

Wkr), <1,

kA(qr), r> 1. (19)

Yuam (r) o< Py’ (cos H)einw{

Since the radial part of the Schrodinger equation is second order differential equation with a potential which isa
stepfunction ar r = 1, both the wave function and its derivative must by continuous at r = 1, although the slope
of the derivative changes at r = 1 leading to a finite jump in the second derivative, and therefore

k') _ gk'x(q)
NGO N

(20)

where prime denotes derivative of the function. The overall prefactor of the functions is determined from
normalization conditions. Since the value of A = A’ was determined form the angular equation, and Uy is
implicit in the definition of k, the only unknown parameter in equation (20) is energy E that determines both k
and q. The possible values of E satisfying this equation are the eigenenegies of the bound eigenstates. Interestingly
enough, if we express the spherical Bessel functions via regular ones and perform the derivatives in the
numerators of all the functions, equation (20) becomes the relation

k]/)\+1/2(k) _ qK/M-l/z(Q)
Jat1/2(K) Kyi12(0)

which is exactly the 2D continuity relation for a circular well contained by a sector, but with a shift A — A 4 1/2[10].

For various A\!"s there can be several, one or no bound eigenenergy solutions of equations (20) or (21). As the
well becomes shallower (U, decreases) the number of bound states also decreases, until only one bound
eigenstate corresponding to A = \) remains with some eigenenergy E, < 0. When the well depth decreases to
some critical U, the bound states disappear altogether. When Ey — 0, then g—0, and the right hand side of
equation (21) approaches — (A + 1/2) [10], while in the left hand side k — \/UC . The relation for critical depth
of the well is

(e2y)

JUT 12T
NUS 28y ), 2
) NRYANIIA! ( /2 22

which by using recurrence relations between Bessel functions and their derivatives [43] reduces to
]/\71/2(k) =0, or j/\,l(k) =0, (23)

with k = /U,. Thus U, is simply the square of the first zero of these functions. As can be seen in figure 2 for each
0o (or w = cos ) there exists an infinite sequence of A" s. Since, U, represents the case when the last remaining
(ground) eugenstate has zero energy, we must use the lowest A\ = \J, and therefore

U= af(Ag — D). (24)

(To compare this result with the 2D case, see equation (16) in [10].) figure 5(a) depicts the dependence of the
critical depth U, on the cone apex half-angle . For small 8, the confinement is strong and large U, is required.
Indeed, for large \ the first root of ] is approximately A, and therefore U, ~ X ~ 1/65. As §— the critical
depth drops to the critical value of an unconstrained spherical well. Equations (22) and (23) relied solely on the
assumption that the energy of the eigenstate vanishes and were not specific to the case of single remaining bound
state. We might consider situations when a vanishing energy eigenstate appears for deeper wells, when additional
negative energy bound states are still present. For each A} there is an infinite amount of such well depths
corresponding to different zeros of the same Bessel function:

U™ = g\ = D). (25)

The critical U, in equation (24) is just the smallest depth in the infinite sequence of values in equation (25).

5. Critical exponents

The radial part of the wavefunction of a bound state is characterized by energy E < 0 and the corresponding
q = < —E outside the well is described by x\(gr), where the polar constant (degree) A = A", while the energy

(or q) is obtained from one of the solutions of equation (20). For gr >> 1, the function &y (qr) ~ ée“l', i.e.,ithas
atypical decay (localization) length £ = 1/q = 1/ —E. Asthe energy of a specific eigenstate approaches 0 the

length £ — oo . Eigenstates with zero binding energy for several potential types have been studied in [44, 45], and
became parts of textbooks (see, e.g., [1]). For the E = 0 eigenstate the radial part of the eigenfunction becomes

10
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Figure 5. () The critical depth of the well U, = of (\J — 1) (see text) as a function of the cone apex half-angle ;. (b) The ground-state
angular degree \) as a function of the cone apex half-angle 6. The special value A} = 1,2 is shown by a dashed line.
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Figure 6. Probability density function |¢/(r, §, ¢ = 0)|* (not normalized) for 6, = 57/6 ~ 0.8337. The horizontal plane of the

graph represents 6, r coordinate plane, i.e., a cut through x — z plane of Cartesian coordinates. The excluded cone is represented by the
darker area of the plane. Two cases with two different eigenenergies are shown: (a) E = 0 eigenstate for Uy = U, ~ 4.740,
corresponding to AJ & 0.355 with ¢/ that decays as a power law ~ 1/r"*>® outside the sphere, and therefore is not square-integrable.
(b) Bound eigenstate with E ~ — 7.613 corresponding to the second zero of the Bessel function for Uy = 40 ~ 8.44U,and the same
A, that decays exponentially for large distances. While this is the second state of \J, it is the sixth lowest state overall.

i (kr), r<1,
R(r) Inkn), (26)
/M0 > 1,

where the continuity condition at r = 1 in equation (20) is the same as in equations (20)—(23). If we are
considering the single surviving bound state, then A = \), k = /U, which is given by the critical value U,
defined in equation (24). This case plays an especially important role, because in the analogy between quantum
states and ideal polymers, the state of long polymer is dominated by the ground state of the quantum problem,
and whether this state is bound or not determines whether the polymer is adsorbed or not to the attractive
potential area. (See section 6.) However, the argument presented here can also be applied for deeper potentials
U, that support several bound states, for each case of the depth Uy = US"™" as defined in equation (25) for
which a zero energy state appears. For simplicity, below we will mostly consider only a well slightly deeper than
U.and admitting a single bound state.

The normalization of the ground state requires the radial integration /r*|t|’dr. If the radial part R(r) of the
eigenstate behaves at large distances as 1/r*"", the integral will only converge for A > 1,/2. Figure 5(b) redraws
the lowest branch \J of figure 2 as a function of ;. There is an entire region of this branch where 0 < \§ < 1/2
corresponding 7 > 6y > 6. ~ 0.7267. In that region the normalization cannot be performed, and these E =0
energy states can be categorized as unbound states. Figure 6(a) depicts such a non-normalizable state for Uy = U,
atlarge 6. Interestingly enough, E = 0 states corresponding to other branches of A spectrum always have
A7 > 1and therefore are normalizable. For deep U, there may be other eigenstates corresponding to A and
higher order zeros of of Bessel function, which also cannot be normalized at these angles. The bound state

11
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depicted in figure 6(b) corresponds (for large Uy, to the second zero of Bessel function for the same ] is the
eigenstate in figure 6a. The fact that it is the second zero can be seen in the single oscillation that performs the
wavefunction inside the well. If Uy is decreased, at some point the eigenenergy of this state will reach zero and it
will resemble the behavior of the state in figure 6(a) but with larger k in the r < 1 region. Similar type of
normalizability problem exists in 2D problem of a sector confininga circle. However, in 2D the borderline 6,
corresponds to the sector becoming a straight line, while in our case the special angle of 6, has no ‘special’
geometrical meaning.

For Uy > U, the ground state has finite g and £ which we expect to vanish and diverge, respectively, as
Uy — U.When §U = U, — U, < U, then E is also small and we can expand both sides of equation (20) in these
small quantities to find the dependence of E on 6U, and therefore the dependence of £ on §U. We denote the left
hand side of equation (20) by G, \(k) = kj’»(k) /j, (k), and right hand side by G \(q) = qr’,(q/k\(q). The
expansion of the left hand side is given by [43]

1
Gk =GN+ U+ E)~ —A -1 — E(E + 6U), (27)
while the form of the expansion of the right hand side depends on the value of A [43]:
1 1
-A—1— —(—E), A>—,
_1 2
2(r-3)
3 1 1
GrA(@) = GrA(N—E) = 1 e + 5(*E) In(—E), A= > (28)
—2)
A1 2T (B 0 A<
cos (WA)FZ()\ + 5) 2

Byequating G; , = G ) we extract the dependence of — E on U, and consequently the §U-dependence of &, in
theform &~ 6U™ ™

SU, for A > l,
2
¢~ JIn6UE sUS, for A = % (29)
SU =, for0 < A < %

For small angles 6, (large ) the critical exponent controlling the ¢ U-dependence of { is v = 1/2. However for
large enough angles 6, > 6. the exponent v = 1/(2\ + 1) becomes angle §y-dependent and reaches 1 when
0o—. Note that the transition between angle-dependent and angle-independent regimes occurs when at 6y = 6,
when A=1/2.

The above derivation could be repeated also in the situation when Uy approaches any of the U{"™" defined
in equation (25), and the equation (29) is valid with 6U = U, — U§"™". However, the only A capable of having
values below 1/2 is )\8. Therefore, the usual value of the exponent is ¥ = 1/2, with exception of the cases of
6y > 6.and \J < 1/2, corresponding to various order zeros, i.e., US**" with n = 1, 2,...

6. Discussion

Some of the results derived in our work resemble the regular solutions of a particle in a spherical box or a particle
in a finite potential well in the absence of the cone. However, in the spherically-symmetric case the degree £is
integer, and many of the effects described in this work are absent. For instance, the discussion of E= 0
eigenstates in [44, 45] omits the trivial £ = 0 case, and proceeds to discuss ¢ > 1 case, when the interesting effects
and the qualitative change in the behavior, such as lack of integrability of the E = 0 state, appears for noninteger
A< 1/2.

In the mapping between the quantum and the ideal polymer problems [9] the quantum potential is replaced
by the actual potential divided by kgt. The probability density of the end-point of an N-monomer polymer is
given by a superposition of the r-dependent quantum eigenstates multiplied by e *", where Eis energy ofa
particular state and the exponent replaces the time-depended oscillatory term of the quantum mechanics. For
large N the state with the smallest E will dominate the density distribution and its localization length & will be the
spatial extent of the polymer. Since £ is finite only for the bound quantum states, the absence or presence of the
polymer adsorption is related to the existence of the bound state. The effective depth of the ‘polymer potential’ is
varied by changing T, and when T approaches the critical adsorption temperature T, the effective value U of the
quantum problem approaches U,and 6U ~ (T, — T). In this situation equation (29) can be re-written in the
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form
(T, — T)%, for A > %
¢~ {lIn(T, = T (T, — T) 2, for A= % (30)
(T, — T) =1, for0 < A < =,

which makes it an interesting thermal phase transition for very long polymers, with possibly cone apex angle-
dependent critical exponent. Since the behavior of the ideal polymer is dominated by the ground state,
equation (30) can be used only for A = A and only in the neighborhood of U, which is related to the first zero of
the Bessel function as in equation (24). The behavior of real polymers in good solvents, where the monomers
strongly repel each other, follows the behavior of the ideal polymers only qualitatively. Even when the quality of
the solvent is decreased and effectively cancels out the monomer repulsion (in so-called ‘G-solvents’ [46]), the
correspondence to ideal polymers is only approximate. Moreover, for a very long polymer the adsorption in a
finite-volume spherical well is geometrically impossible. However, the polymers of moderate stiffness (such as
DNA) have a broad range of length-scales where the rigidity can be neglected, while the mutual repulsion of the
monomers is still very weak, that emulates long ideal polymers [47], and therefore can exhibit the transition
effects.
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