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ABSTRACT
An e-fold ordered field is said to be Frobenius if it is a PRCe field which
has the embedding property. By means of a Galois stratification procedure
we prove that the theory of e-fold ordered Frobenius fields is decidable.

Introduction
A field M is said to be pseudo algebraically closed (PAC) if every absolutely
irreducible variety over M has an M-rational point. A Frobenius field is a PAC
field with the embedding property. Developing the method of Galois stratification
introduced in [FS], M. Fried, M. Jarden, and the first author established a decision
procedure for Frobenius fields [FHJ1].

The analogue of PAC, in the case of ordered fields, is pseudo real closed
(PRC). A field M is PRC if every absolutely irreducible variety over M has
an M-rational point provided it has an M-rational simple point for each real
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closure M of M [P2, Theorem 1.2]. A PRCe field is a PRC field with exactly e
orderings.

The main goal of this paper is to establish an equivalent of Frobenius fields in
the class of PRCe fields. To achieve this we use a technical tool: “e-structures”.
An e-structure is an (e + 1)-tuple G = (G;&,...,&.), where G is a profinite
group and the &; are conjugacy classes of involutions. A typical example is
G= G(M /M, P), where G is the absolute Galois group of an e-fold ordered field
(M,P)= (M, P,...,P.), and &; is the set of the involutions in G such that P;
extends to their fixed fields.

A PRCe field (M, P) is said to be Frobenius if G(ﬂ /M, P) has the embedding
property (in the category of e-structures). Geyer fields and v.d. Dries fields are
shown to be Frobenius. Along the lines of treatment in [FHJ1] we find a decision
procedure for the theory of Frobenius fields in the language of e-fold ordered
fields.

A theorem of M. Knebusch allows us to extend the notion of decomposition
group to the case of e-fold ordered fields. This, together with the use of non-
singular basic sets are the main new ingredients to obtain this result.

We shall assume, for simplicity, that all our fields are of characteristic 0. This
partly excludes the case e = 0, dealt with in {FHJ1].

We thank M. Jarden for helpful remarks.

1. Ordered fields and effectiveness

An ordering on a field F is aset P C F such that P+P C P, P-PC P, PN—P =
{0} and PU —P = F. Let Xr denote the set of orderings of F. The Harrison
topology on X is defined by the basis {Hr(ay,...,an)| @1,...,0n € F}, where
the Harrison set Hr(aj,...,a,) is {P € XF| ai,...,a, € P}. This topology
makes Xr a Boolean space [P1, Theorem 6.5]. Let K/F be an arbitrary field
extension. The map resg: X — Xr defined by resp(P) = PN F is continuous.
If the extension K/F is finitely generated, then resg is also open [ELW, 4.bis].
We call K/F totally real if resp is surjective.

The real closure (K, P) of an ordered field (K, P) is a maximal ordered
algebraic extension of (K, P). It exists, is unique up to a K-isomorphism, and
P=E%".

Definition 1.1: Let ¢: R — K be a homomorphism from a domain R into a field
K. Let P be an ordering on K. An ordering @ on the quotient field of R is
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p-compatible with P if a € RN Q implies ¢(a) € P. n
The following theorem guarantees the extension of compatible orderings.

PROPOSITION 1.2 (Knebusch): Let R C S be regular domains, and let E C F
be their quotient fields. Let (K, P) be an ordered field, and let ¢: R — K be
a homomorphism that extends to a homomorphism v: S — K. Then every
ordering on R that is yp-compatible with P extends to an ordering on S that
is @¥-compatible with P. In particular, there exists an ordering on S that is
-compatible with P.

Proof: We may assume that (K, P) is real closed, otherwise replace it by its
real closure. As S is regular (i.e., its localization at each prime is a regular local
ring), ¢ extends to a place ¢': F — K U {00} [JR, Appendix A]. Its restriction
to E is a place ¢': E — K U {oo} that extends . By [K, Theorem 2.6] every
¢'-compatible ordering on F extends to a 1’-compatible ordering on F'.

The last assertion of the theorem follows by replacing ¢ by its restriction
wo: Z — K, since the unique ordering on Q is yg-compatible with P. |

Remark 1.3: Note that if R is a finitely generated ring over a field K then there
is 0 # d € R such that R[d™!] is regular. Indeed, write R as K[x, g(x)™!], where
x = (z1,...,%,) is a generic point of a K-irreducible set V over K, and let
A=V ~V(g). Put k =n—dimg V. Since x is a non-singular point of V, there
exists a (k x k)-submatrix of the Jacobian matrix (8f;/0X;) with determinant
d(x) # 0. The open subset A’ = A~NV(d) of A is non-singular, and hence
K[A'] = K[x,(gd)(x)~!] = R[d™!] is a regular ring [N, Theorem 46.3, Corollary
146. &

The primitive recursiveness of a decision procedure for fields requires that all
operations involved are computable in a primitive recursive way. We supplement
the extensive treatment of [FJ, §17] by discussion of orderings and inequalities.

Let K be a presented field [FJ, Definition 17.1]. An ordering P on K is
presented if “€ P” or, equivalently, “>p 0” is a primitive recursive relation.
An e-fold ordered field (K, P, ..., P.) is presented if K is a presented field and
Py,..., P, are presented orderings.

A polynomial relation (or a quantifier free formula in the language of ordered
fields) is a Boolean combination of relations of the form p(z1,...,z,) > 0, where
p is a polynomial with integral coefficients.
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P.J. Cohen [C, §1, Theorems A, ,B,] proves the following version of Tarski’s

Principle:
PROPOSITION 1.4: Let n > 1. For each polynomial relation A(X,...,X,) we
can find by a primitive recursive procedure a polynomial relation B(Xs, ..., X,,)
such that

(3X1) A(Xl, . .,Xn) g B(Xg, .. .,Xn)
holds over every real closed field.
We will need the following criterion (cf. [P2, {0.4)] and [L, XI, §3]).

COROLLARY 1.5: Let (K, P) be an ordered field and let (K, P) be its real clo-
sure. Let V C A™ be an affine K-variety with generic point x over K and let
F = K(x) be its function field. Let hy,...,h, € K[Xi,...,X,] be polyno-
mials not vanishing on V. Then P extends to an ordering on F contained in

Hp = Hp(hy(x),...,h.(x)) if and only if there is a nonsingular point a € V(K)
such that hy(a), ..., h.(a) > 0 with respect to P.

Proof: Write V as V(f1,..., fm), with f; € K[X]. If P extends to an ordering
Q on F contained in Hg, then the substitution X — x shows that the sentence

(3X) /m\ i(X)=0A /\ h,(X) > 0 Arank(8f;/8X;) =n — dimV
i=1 v=1

1=

holds in (F, @), and hence also in its real closure. It immediately follows from
Proposition 1.4 that the sentence also holds in (K, P). This produces the desired
nonsingular point a € V(K).

Conversely, let a € V(K) be a nonsingular point with h;(a),...,h.(a) > 0.
The local ring S of a on V is regular and x — a defines a K-homomorphism
¢: S — K. Proposition 1.2, applied to the rings K C S, produces an extension
Q € Xr of P that is 1-compatible with P. We have h, (x) € Q for each v, other-
wise —h, (x) € @, and hence the ¢-compatability gives —h,(a) = ¢(h,(x)) > 0,
a contradiction. |

Let K be a presented field. A union Uf=1 Hy(hi1,. .., hir,) of Harrison sets is
presented if all the h;; € K and the numbers &, 71, ..., 7, are explicitly given.

The intersection, union, and complement are effective operations on the Har-
rison topology, i.e., the result of the operation on presented sets is presented.
Furthermore:
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LEMMA 1.6: Let K be a presented field, and let F' be a field finitely generated
and presented over K. Let Hp be a presented Harrison set. Then Hy =resg Hp
can be effectively computed.

Moreover, let R be a presented subring of K, and let f,..., fm,h1,-..,h €
R[Xy,...,X.] be given polynomials such that F is the function field of the K-
variety V. = V(f1,..., fm). Let x be the generic point of V over K. Then we
can compute a finite subset {g;;| 1 € I, j € J(i)} of R and 0 # p € R such that

(a) resk Hp(ha(x), ..., e (%)) = User Njesy Hr (25)-

(b) Let ¢: R — K’ be a homomorphism into a field K' (write ¢ as a — a’ and
extend it to polynomials) such that p’ # 0 and V' = V(f{,...,fl.) is a
K'-variety. Let x' be the generic point of V' over K' and let F' = K'(x').
Then resg+ Hp: (hy(x'), . .., hr (%)) = Uier Njesy Hr (al5)-

Proof: Let N be a bound on the total degrees of the f; and h;. It follows
from Corollary 1.5 that there is a formula 6(Y) in the language of rings with
the predicate >, that depends only on n, N, m, and r, with the following
property. Let (_X',F') be the real closure of an ordered field (K’, P'). Let
sy Fhs by ..o Bl € K'[X] be of total degree < N, and let ¢’ be the sequence
of their coefficients. Assume that V' = V(f{,..., f}.) is a K'-variety, let x’ be
its generic point over K', and let F' = K'(V'). Then P’ € resg:Hp/(hy,...,hL)
if and only if (X', P) E 6(c').

By Proposition 1.4 we may assume that 6 is quantifier free. After some trivial
identifications we can write it as szl pi(Y) # 0AA;c 7() %3 (Y) 2 0, for suitable
Di,qi; € Z[Y]. Furthermore, (K’, P’) k= 6(c') if and only if (F',F,) E 6(c).
Finally, the clause ‘p;(c’) # 0’ does not depend on P’. Therefore

(L7) P'eresgHp(hy(X'),....h(x")) & Pe | () Hxlg;(c)),
icI(e’) jEJ(3)

where I(c') = {1 < i < k| pi(c’) # 0}.

Let c be the sequence of coefficients of the f; and h;. Assertion (a) follows
from (1.7) with I = I(c) and ¢;; = ¢;;(c).

Furthermore, put p = [[;c; pi(c). Let ¢: R — K’ be as in (b). Then ¢’ = ¢(c)
1s the sequence of coefficients of the f; and h}. If p’ # 0, then I(c’) = I(c).
Therefore assertion (b) follows from (1.7). |
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2. e-Structures

Definition 2.1: An e-structure G is a system G = (G;&y,..., &), where G is a
profinite group and £,..., &, are conjugacy classes of involutions in G. If G is a
pro-2 group, then G is said to be a pro-2 e-structure. For an e-structure G we re-
fer to &; as £;(G), and to the underlying group as G. We put £(G) = U;'=1 &i(G).
A morphism (epimorphism) ¢: G — H between two e-structures is a mor-
phism (epimorphism) ¢: G — H that maps £;(G) into (onto, a fortiori) £;(H).

We say that G is a substructure of H if G < H and &;(G) C &;(H) for each
]

Let n > 0. For a sequence (g;z) = (e1,...,€e;%1,...,Zy) of elements of G we
write (e;2) € G if ¢; € £;(G) for j = 1,...,e. We say that (¢;z) € G(&™)
generates G if G = (g1,...,¢¢,T1,...,Zn). n

Example 2.2: Let (E,Q) = (E,Q1,...,Qc) be an e-fold ordered field, and let
F/E be a Galois extension such that F is not formally real. Let G = G(F/E)
be the Galois group of F/E. Denote by £; = £;(F/E, Q) the set of involutions
e in G such that @; extends to an ordering of F'(¢). This is a conjugacy class in
G [HJ1, Proposition 2.1]. The e-structure G(F/E, Q) = (G; &y, .., &) is called
a Galois e-structure.

The absolute Galois e-structure of (K, Q) is G(K, Q) = G(K/K, Q), where
K is the algebraic closure of K.

Let G(L/K,P) be another Galois e-structure such that (K,P) C (E,Q),
E and L are linearly disjoint over K, and L C F. Then the restriction map
res: G(F/E,Q) — G(L/K,P) is an epimorphism {HJ1, Lemma 3.5]. ]

Definition 2.3: Let (K,P) be an e-fold ordered field, and let F//E be a Galois
extension with K C E and F not formally real. Denote

Sub[F/E,P] = {G(F/E,Q)\ ECE'CF, (K,P)C(E',Q)}

This is the collection of all e-structures H such that H < G(F/E) and P; extends
to the fixed field of € € £;(H), for each 1 < j <e. [ |

Definition 2.4: A (a pro-2) e-structure G is free if there is n > 0 and (¢;z) €
G(&™) with the following property. Given a (pro-2) e-structure A and (6;a) €
A& there exists a unique morphism ¢: G — A that maps (g; z) on (§;a). We
then call (¢;z) a basis of the structure G. |
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Example 2.5: Let 133,,, be the real free group with basis (eq,...,€e;21,...,25)
[HJ2, p. 157]. Let &; be the conjugacy class of the involution &; in ﬁe,n. Then
the e-structure ﬁe,n = (5e,n; E1,...,E.) is free.

The corresponding example in the category of pro-2 e-structures will be de-
noted De »(2). ]

3. Projective and superprojective e-structures

An embedding problem for an e-structure G is a diagram
G

(3.1 P
B—/—+ A

in which = is an epimorphism and p is a morphism of e-structures. The problem is
finite if B is finite. The problem is proper if p is an epimorphism. A morphism
(epimorphism) A\: G — B such that # o A = p is called a solution (proper
solution) to the embedding problem (proper embedding problem).

Let Im G be the set of finite e-structures B for which there exists an epimor-
phism G — B.

Definition 3.2: An e-structure G is superprojective if
(i) Gisprojective, i.e., every finite embedding problem (3.1) for G is solvable.
(Replacing A by p(G) and B by 7~!(A) we may assume that (3.1) is
proper.)
(i) G has the embedding property, i.e., every finite proper embedding prob-
lem (3.1) with B € Im G has a proper solution. ]

To prove that free e-structures are superprojective we need the following ana-
logue of Gaschiitz’ lemma [FJ, Lemma 15.30 and J1, Lemma 5.3].

LEMMA 3.3: Let p: G — A be an epimorphism of e-structures. Assume that
(¢5a,) € A®™ generates A and that an element of G(*™) generates G. Then
there exists a system of generators (6; g) € G{®™) of G such that p(8; g) = (e;an).

Proof:  Since the epimorphism p can be represented by an inverse limit of epi-
morphisms between finite structures and since an inverse limit of finite nonempty
sets is not empty, we may assume that G is a finite e-structure.

Let C be an e-substructure of G such that p(C) = A. For every (¢;a) € A(&™)
that generates A let ¥c(e;a) be the set of (6;g) € C*™) that satisfy p(6;g) =
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(g;a), and let ®c(e;a) be the set of those (6;g9) € ¥e(e;a) that generate C. We
show by induction on |C| that |®c(e; a)] is independent of (;a).
First notice that |¥Uc(e; a)| is independent of (¢;a). Indeed,

l{g; € C| p(g;) = a;}| = | kerrescp|,

and if e;,¢} € £;(A) then {§; € &(C)| p(8;) = &;:} and {8; € &(C)| p(8;) = €'}
are conjugate in C, and hence have the same number of elements. Since every
(8; 9) € ¥(e;a) generates an e-substructure B of C with p(B) = A, we have

[¥c(ea)l = 1@c(sa)l+ Y |28(ea)l
B<C
p(B)=A
By the induction hypothesis the |®g(e; a)| are independent of (¢;a). Therefore
so is |®c(e; a)).
Let (§';¢') € G(*™ generate G. Then (p(6'); p(g’)) generates A, and hence
|®c(e;a)| = [@aln(d);p(@Nl 2 1. @

COROLLARY 3.4:
(i) The free e-structure lA)e,n is superprojective.

(ii) The free pro-2 e-structure D, ,(2) is superprojective.

Proof: Consider an embedding problem (3.1) for G = D, ,,. Let (;a) € G(=™
be a basis for G. As m(B) = A, there is (§;g) € B(*™ such that 7(6; g) = p(e; a).
The map (g;a) — (6; g) extends to a solution A: G — B of (3.1).

Assume that (3.1) is proper and that B € ImD, . Then p(c;a) generates
A. By Lemma 3.3 we may assume that (§;g) generates B. Therefore X is an
epimorphism.

The superprojectivity of f)e,n (2) is proved analogously. We only remark that
in the embedding problem (3.1) for G = D, ,,(2) we may replace A and B by
their 2-Sylow subgroups to assume that A and B are pro-2 e-structures. |

We conclude this section with some results on projective e-structures.

LEMMA 3.5: Let G be an e-structure.
(a) If G is projective, then £(G) is the set of all involutions in G, the £;(G)
are disjoint (i.e., pairwise distinct), and there is an open subgroup G’ of G
of index < 2 that does not meet £(G).
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(b) Let N be an open subgroup of G. Assume that every finite proper embed-
ding problem (3.1) for G with ker(p) < N is solvable. Then G is projective.

Proof: (a)Let ¢ € G be an involution. If ¢ ¢ £(G), then there is an epimorphism
p: G — A onto a finite quotient of G such that p(e) ¢ £(A). By [HJ1, Corollary
6.2 with I = £(A)] there is an epimorphism #n: B — A of finite e-structures
that maps the involutions of B into {1} U £(A). Let A: G — B be a solution to
this embedding problem. Then 7 maps the involution A(s) onto p(¢), and hence
p(e) € E(A). Thus ¢ € £(G).

Again, let p: G — A be an epimorphism onto a finite quotient of G. There
is another finite e-structure B and another epimorphism 7: B — A such that
the £;(B) are disjoint and there is an open subgroup B’ of B of index < 2 that
does not meet £(B). (E.g., let B be a sufficiently large quotient of Ije,n with a
homomorphism §: B — Z/2Z that maps £(B) on the generator of Z/2Z and let
B’ker(8).) The existence of a solution A\: G — B to this embedding problem
shows that the £;(G) are disjoint and A~!(B’) does not meet £(G).

(b) Let (3.1) be a finite proper embedding problem for G. Let p;: G — A, be
an epimorphism onto a finite quotient A; of G with ker(p1) < N nker(p). Then
p factors into p; and a morphism py: A; — A. For each j choose ¢; € &;(G)
and 60; € £(B) such that 7(6;) = p(e;). This yields a commutative diagram of

epimorphisms
G

y
B; ™+ A,
”1 pzl
B—T+A
in which By = B x4 A, and &;(B4) is the conjugacy class of (§;,¢;). By

assumption there is A;: G — B; such that m; o A = py. Clearly, p o A\; solves
(3.1). 1

The e-structures are closely related to Artin-Schreier structures of [HJ1]. To
explain and use this, we first introduce a convenient link between them.

A weak structure is a system & = (G, G’, X), where G is a profinite group,
G’ is a subgroup of index < 2 in G, and X € GG’ is a closed set of invo-
lutions, closed under conjugation in G. The canonical example is &(L/K) =
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(G(L/K),G(L/K(v/-1)),X(L/K)), where L/K is a Galois extension of fields
with /=1 € L, and X(L/K) the set of real involutions in G(L/K). We usually
write the underlying group, the underlying subgroup, and the set of involutions
of a weak structure ¥ as A, A’, and X (). Analogously for 98, &, f), etc. A mor-
phism of weak structures ¢: ) — & is a continuous homomorphism ¢: H — G
with ¢~}(G’') = H' that maps X($) into X(®). It is an epimorphism if
¢(H) = G and p(X(9)) = X(8).

In the language of [HJ1, Definition 3.1] our weak structure is a ‘weak Artin-
Schreier structure in which the forgetful map is the inclusion’. In fact, & is an
Artin-Schreier structure if and only if for each x € X the centralizer of z in G is
{1,z}. Thus 8(K) = 8(K/K) is an Artin-Schreier structure [HJ1, Remark b)
on p. 470].

More precisely, an Artin-Schreier structure is a system (G, G’, X, d), where
G and G’ are as above, X is a Boolean space on which G continuously acts from
the right, and d: X — G is a continuous map into the set of involutions in G ~ G’
such that {¢ € G| z° = z} = {1,d(x)} for all z € X. The standard example
is (G(L/K),G(L/K(v/-1)),X(L/K),d), where L/K is a Galois extension of
fields with v/—1 € L, and X(L/K) the space of maximal ordered subfields of
L containing K; each (L',Q) € X(L/K) is the fixed field of an involution ¢ €
G(L/K), and d is the map (L', Q) — ¢ [HJ1, Example 3.2].

A morphism of Artin-Schreier structures (H, H',Y,d} — (G, G’, X, d) consists
of a group homomorphism ¢: H — G and a continuous map ¢: ¥ — X such that
oY G =H',dop=yod, and p(y°) = p(y)?®), forallye Y and 0 € H. It
is an epimorphism if p(H) = G and ¢(Y) = X.

It follows that (G,G', X,d) — (G,G’,d(X)) is a functor from the category
of Artin-Schreier structures into the category of weak structures that maps epi-
morphisms onto epimorphisms. This functor translates the results about Artin-
Schreier structures to results about the corresponding weak structures.

[HJ1, Lemma 7.5] states — and we may take it here as the definition — that a
projective Artin-Schreier structure is a weak (!) structure & that satisfies
the following condition. Let 7: B — 2 be an epimorphism of finite weak struc-
tures, and let p: & — A be a morphism. Then there exists a morphism A: & — B
such that mo A = p.

LEMMA 3.6: Let G be an e-structure, and let G’ < G be an open subgroup of
index < 2 that does not meet £E{G). Then G is a projective e-structure if and
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only if = (G,G', £(QG)) is a projective Artin-Schreier structure with the £;(G)
disjoint.

Proof: Assume that & is a projective Artin-Schreier structure with the £;(G)
disjoint. We have to solve a finite proper embedding problem (3.1) for G. Put
A = p(G') and B’ = n~1(A’). We have £;(A) = p(€;(G)). By Lemma 3.5(b) we
may assume that ker(p) is so small that A’,£1(A),...,E.(A) are disjoint. Then
also B',&;(B),...,E.(B) are disjoint.

Let A = (A, A',E(A)), and B = (B, B', £(B)). These are weak structures, and
p and 7 induce in an obvious way a morphism p: & — % and an epimorphism
m: B — A. By assumption there is a morphism A: & — B such that mo A = p.
Thus the group homomorphism A: G — B maps £(G) into £(B). But A(£;(G))
does not meet &;(B) for i # j, because T(A(£;(G))NE;(B)) C E;(A)NE(A) = 0.
Therefore A(£;(G)) C £;(B), and hence A solves (3.1).

Conversely, let G be a projective e-structure. Let r: B — A be an epimorphism
of finite weak structures, and let p: & — 2 be a morphism. Extend the groups A
of A and B of B to finite e-structures A and B by letting £;(A) be the conjugacy
class of p(€;(G)) in A and &;(B) C X(*B) be a conjugacy class in B mapped
by 7 onto £;(A). Then there is A: G — B such that 7 o A = p. In particular,
the group homomorphism A: G — B satisfies A\(£;(G)) € &;(B) for each j, and
hence it maps X(®) = £(G) into £(B) C X(B). Thus A is a morphism of weak
structures. 1

4, Galois covers and decomposition structures

Let S/R be a Galois ring cover and let F/F be the corresponding field cover.

This means [FJ, p. 57] that R C S are integrally closed domains with E C
F their respective guotient fields, F/F is a finite Galois extension, and § =
R[z], where 2, a primitive element for the cover, is integral over R and its
discriminant over F is a unit of R. Thus S/R is étale (actually, “standard étale”

[R])-

Remark 4.1: [FHJ2, Section 1]. Let M be a field, and let ¢o: R — M be a
homomorphism. Then g extends to a homomorphism ¢: 5 — M. Furthermore,
M (p(S)) is a finite Galois extension of M.

(a) Let N/M be a Galois extension such that ¢(S) C N. Then ¢ induces a
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homomorphism ¢*: G(N/M) — G(F/E) implicitly defined by the formula
o(p*(0)(s)) = a(e(s)), for oc€G(N/M) and se€S.

(b) If N1/M is a Galois extension such that N C Ny, and ¢}: G(N1/M) —
G(F/E) is the induced homomorphism by ¢, then, by (a), ¢* = ¢} o resy.
Therefore, unless stated otherwise, we will take N to be M.

(c) If N = M(p(S)), then ¢* is injective.

(d) If  is an inclusion of rings, then ¢* is the restriction to F.

(e) Let S’/R’ be another Galois cover and let F'/E’ be the corresponding
extension of quotient fields. Let p: § — S’ and ¢’: § — N be homomorphisms
such that p(R) C R’ and ¢/(R’) C M. Consider the induced homomorphisms
¢*: G(M) - G(F/E), ¢"™: G(M) — G(F'/E'"), and p*: G(F'/E') — G(F/E).
If o = ¢’ o p, then p* = p* o ¢™*. In particular, if R C R’ and S C 5’ and ¢
extends ¢ then p* = respy’™.

(f) Let 7 € G(F/E). Then pot: § — N also extends ¢q, and every extension of
o to S is of this form. Furthermore, (po7)*(c) = 7=1p* (o) forallo € G(N/M).
|

Let K be a subfield of R and L the algebraic closure of K in F.

Definition 4.2: (a) S/R is regular over K, if the extension E/K is regular. In
that case L/K is a finite Galois extension.

(b) S/R is finitely generated over K, if R and S are finitely generated rings
over K.

(c) S/R is real if R is a regular ring and F is not formally real. (In this case S
and the integral closures of R in the intermediate fields of F//E are also regular
rings [R, p. 75].)

(d) F/E is amply real over K if E/K is a regular extension, the algebraic
closure L of K in F is not formally real, and the extension F(e)/L(¢) is totally
real for every real involution € € G(F/E). |

Assume for the rest of this section that S/R is real. Add to the preceding
discussion e-tuples Py and P of orderings on K and M, respectively, such that
(K,Po) C (M,P). Let ¢*: G(M) — G(F/E) be the induced homomorphism.

Definition 4.3: The e-structure <p*(G(]\A/f /M, P)) is called the decomposition
structure of . We denote it by Ar(S/R, M, P, ), or, by abuse of notation,
Ar . It satisfies Ar ¢ € Sub[F/E, Py). |
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We explain the last assertion. Fix ¢; € €j(M/M,P). Then M(ej) is a real
closure of (M, P;). It follows from the formula of Remark 4.1(a) that ¢ maps SN
F(¢*(ej)) into M (¢). Knebusch’ Proposition 1.2, applied to the ring extension
K C SN F(p*(ej)), asserts that Pp; extends to a w-compatible ordering on
F(e(;)). O

The following lemma shows how to make field covers amply real.

LEMMA 4.4: Let F/E be real, regular, and finitely generated over K. Assume
that the algebraic closure L of K in F is not formally real.
(a) For each real involution ¢ € G(F/E) there are finitely many a i € L(e)
such that resp () Xy = U; (Ni Hlaeir))-
(b) Let L' be a finite Galois extension of K that contains L and all \/acik.
Put F' = FL'. Then F'/E is amply real over K. Moreover, an involution
¢’ € G(F'/E) is real if and only if respe’ and resy e’ are real and there is i
such that

(4.6) Vaeix € L'(')  for all k.

Proof: (a) merely says that res; ()X r(c) is clopen in Xy (Section 1).

(b) Let € = respe’. If ¢ is real, there is an ordering on F'(¢’). Its restriction P,
to L(e) is in resp ) X p(c) and extends to L’(¢’). By (a) there is ¢ such that ax €
Py for all k. Put L; = L(e)(/acix| k). Then Py extends to L;, and therefore
L; C L'(¢") for some real involution &” of G(L'/L(g)), which is conjugate to ¢’
over L(e). As L;/L(e) is Galois, we have L; C L'(¢’). This gives (4.6).

Conversely, assume that € and res;/¢’ are real and (4.6) holds with some
i. Clearly L' is the algebraic closure of K in F'. It remains to show that
F'(e')/L'(¢') is totally real. Let P’ be an ordering on L'(¢’). By (4.6), a.ix € P’
for all k. By (a), resy ()P’ extends to an ordering of F(e),say Q. As L'nF =L,
the fields L'(¢") and F(¢) are linearly disjoint over L(¢), and F'(¢’) is their com-
positum. Therefore P’ and Q extend to an ordering of F'(¢') [J1, p. 241]. |

5. e-fold ordered Frobenius fields

We extend the definition of Frobenius field [FHJ1, §1 and FJ, Definition 23.1]
to the class of e-fold ordered fields. The results of this section generalize [FHJ1,
Theorem 1.2 and FJ, Propositions 23.2-3].
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Definition 5.1: An e-fold ordered field (M,P) = (M, P, ..., P.) is a PRCe field
if Py,..., P, are distinct and every absolutely irreducible variety V over M has
an M-rational point, provided that Py, ..., P, extend to the function field of V
over M.

For such a field condition CZ of [P2, p.136] holds with Z = {Py,..., P.}.
By [P2, Proposition 1.6], Py,..., P. are all the orderings on M and they induce
different topologies on M. Therefore (M, P) is PRCe if and only if (M,P) is
existentially closed (in the language of fields augmented by e predicates for the
orderings) in an extension (F, Q) such that F/M is regular [P2, Theorem 1.7].
|

Example 5.2: (a) Let K be a countable Hilbertian field, and let K,..., K, be
fixed real closures of K. For o € G(K)**t" let

(Ko, Po)= (K} N NK. N K(0eq1) N+ N K(Geqn); Pors--oy Po.),

where P, is the ordering induced by F}’j . Then, for almost all (in the sense of the
Haar measure) o € G(K)**" the field (K,,P,) is PRCe and G(K,,P,) & ]A)e,n
[HJ1, Proposition 5.6]. For n = 0 these fields are called Geyer fields of corank
e [J1, Theorem 6.7) and D, ¢ is denoted by D..

(b) A maximal algebraic extension (M, P) of a Geyer field is a PRCe field, and
G(M,P) = D.(2) [J2, Lemma 2.3 and Proposition 4.1]. Such a field is called a
v.d. Dries field of corank e.

The absolute Galois structures of Geyer and v.d. Dries fields have the embed-
ding property (Corollary 3.4). |

Definition 5.3: An e-fold ordered field (M, P) with Py,. .., P. distinct is said to
be Frobenius if it satisfies the following condition. Let S/R be a real Galois
ring cover, regular and finitely generated over M. Let the corresponding field
cover F/E be amply real over M, and let N be the algebraic closure of M in F'
Let H € Sub/F/E, P] such that H € InG(M, P), and resyH = G(N/M,P).
Then there exists an M-homomorphism ¢: S — M with ¢(R) C M such that
Arp=H. |

LEMMA 5.4: Let L/K be a finite Galois extension, L not formally real, and let
7m: G = G(L/K) be an epimorphism of finite groups. There exists a totally
real finitely generated regular extension E of K, a Galois extension F/E such
that L is the algebraic closure of K in F and F(e)/L(e) is totally real for every
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involution ¢ € G(F/E) with respe real, and an isomorphism 6: G — G(F/E)
such that the following diagram commutes.

G o G(F/E)
S
G(L/K)

Proof: If /=1 € L, this is shown in Parts I and II of the proof of [HJ1, Lemma
9.4]. (In fact, the extension F/L constructed there is purely transcendental, and
so is F(e)/L(e), for each involution ¢ € G(F/E) with resye real.)

In the general case let L' = L(v/—1). Let G' = G xg G(L'/K), and let
n': G’ - G(L'/K) and p: G’ — G be the coordinate projections. Assume that we
have constructed a Galois cover F’/E of fields, regular and finitely generated over
K such that L’ is the algebraic closure of K in F' and F'(¢')/L'(¢’) is totally real
for every involution ¢’ € G(F'/E) with resy ¢’ real, and an isomorphism #": G' —
G(F'/E) such that res;, o @' = n'. Let F be the fixed field of #’(ker(p)) in F’.
Then ¢ induces an isomorphism §: G — G(F/E) that satisfies the requirements
of the Lemma.

Indeed, G(F'/E) = G(F/E)xg/k)G(L'/K), and hence F and L' are linearly
disjoint over L, and F' = FL’, whence L’ is the algebraic closure of K in F’.
If ¢ € G(F/E) is an involution with respe real, and P is an ordering on L(¢),
there is an involution ¢’ € G(L'/K) such that respe = respe’ and P extends to
an ordering P’ on L'(¢’). Let ¢” = (¢,¢’) € G(F'/E). By assumption P’ extends
to an ordering Q' on F(¢"), and so resp()Q’ extends P. 1

LEMMA 5.5: Let (M,P) be an e-fold ordered Frobenius field. Then (M,P) is
PRCe and G = G(M, P) is superprojective.

Proof: We first show that (M,P) is PRCe. Let V be an absolutely irreducible
variety over M, and let E = M (V) be its function field. Then E/M is a regular
extension. Put F = E(y/—1). Assume that P extends to an e-tuple of orderings
Q on E. Thus E/M is totally real and therefore F/E is amply real. Let R
be a regular ring with quotient field E that contains the coordinate ring M[V]
(Remark 1.3), and let S = R[y/—1]. Apply Definition 5.3 to H = G(F/E, Q),
and find an M-homomorphism ¢: § — M such that ¢(R) C M. This gives an
M-rational point on V.

Secondly, we show that each finite proper embedding problem (3.1) for G
is (properly) solvable. We may identify p: G — A with the restriction map
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G — G(N/M), where N is a finite Galois extension of M. Then resye # 1 for
each ¢ € £;(G), and hence P; does not extend to N. As (M, P) is a PRCe field,
Py,..., P, are all its (distinct) orderings, and hence N is not formally real. Thus
the Galois e-structure G(N/M,P) is well defined, and p: G — A identifies with
the restriction map G — G(N/M, P).

By Lemma 5.4 we may identify the epimorphism #: B — G(N/M) with the
restriction map resy: G(F/E) — G(N/M), where F/E is a Galois extension
such that N is the algebraic closure of M in F and F(e)/N(e) is totally real for
every involution ¢ € G(F/E) with resye real. As resyB = n(B) = G(N/M, P),
the latter is in particular true for every ¢ € £;(B), and hence B € Sub[F/E,P].

Assume that B € Im G. There is a real Galois ring cover S/R, finitely gener-
ated over M, such that F/E is the corresponding field cover. As (M, P) is Frobe-
nius, there exists an M-map ¢: S — M with ¢(R) = M such that Arp = B.
Thus ¢*: G(M) — B maps G(M, P) onto B. The restriction of ¢ to N is an M-
automorphism, so there is 7 € G(F/E) such that resyy = resy7~1. By Remark
4.1(f), ¢*(G(M,P)) = (po7)*(G(M,P)), and hence we may assume that resy¢
is the identity. It follows from the equation of Remark 4.1{a)} that 7 o ¢* = p.

It remains to show that G is projective. We have already remarked that
Py, ..., P, are all the distinct orderings on M. Therefore £(G) is the set of all
involutions in G, and the £;(G) are distinct. By [HJ1, Theorem 10.1(b)] the
Artin-Schreier structure (M) = (G(M), G(M(v/-1)),E(G)) is projective. By
Lemma 3.6, G is projective. n

PROPOSITION 5.6: Let (M, P) be a PRCe field with G(M, P) superprojective.
Then (M, P) is Frobenius.

Proof: Let S/R, F/E, N, and H be as in Definition 5.3.
The superprojectivity of G(M,P) yields a Galois extension N’ of M that
contains N and an isomorphism h: G(N'/M,P) — H such that

G(N'/M,P) h H
%‘ ‘A
G(N/M,P)

commutes. Let F/ = N'F. Then

G(F'/E) = G(N'|M) Xg(n/m) G(F/E).
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Let A = {(6,h(8))| 6 € G(N'/M)}. The fixed field D of A in F' is regular over
M [FJ, p. 354]. Furthermore, P extends to D. Indeed, let &’ € &£(N'/M,P),
and put ¢’ = (¢/,h(¢')) € G(F'/E). Then P; extends to an ordering P; on
N'(e"). Let € = respe” = h{¢'). Since F/E is amply real over M, we may take
ac;r = {1}) in Lemma 4.4. Furthermore, ¢ € &;(H) and H € Sub[F/E,P],
and hence ¢ is real. It follows that F'/F is amply real over M and ¢” is a real
involution. Thus F'(¢")/N’(¢') is totally real. In particular, P; extends to an
ordering on F’(e""). Its restriction to D extends P;.

The integral closure U of R in D is finitely generated over M [FJ, p. 354],
and hence U is the coordinate ring of an absolutely irreducible variety V defined
over M. As (M,P) is PRCe, there exists an M-homomorphism g: U — M.
It extends to the integral closure of U in F’, and its restriction ¢ to S satisfies
¢(R) C M. In fact, we may assume that ¢* = h [FHJ1, Remark on p. 9]. Hence
Arp =H. |

Example 5.7: Both Geyer fields and v.d. Dries fields (Example 5.2) are Frobe-
nius fields. |

6. The Artin symbol

Let (K, Po) be an e-fold ordered field. Recall [FJ, p. 244] that a basic set over
K is a set of the form A = V' \V(g), where V is a closed K-irreducible subset of
an affine space A" and g € K[X},...,X,] does not vanish on V. Let z; be the
restriction to V of the projection on the i-th coordinate. Then x = (x1,...,z,)
is a generic point of V over K. We put K[A] = K[x,g(x)!] and K(A) = K(x).
The dimension dim A of A is the transcendence degree of K(A) over K. There
is 0 # d € K[X] such that A’ = A\ V(d) is non-singular, that is, K[A] is regular
(Remark 1.3).

A Galois ring cover C/K[A] is called a Galois (ring/set) cover, and is
denoted by C/A. We write C/A for C/K[A], let K(C) be the quotient field
of C, and write G(C/A) for G(K(C)/K(A)). Thus Sub[C/A, Py] stands for
Sub[K(C)/K(A),Pg] (Definition 2.3).

Let C/A be a real Galois ring/set cover over K (Definition 4.2).

Notice that G(C/A) acts by conjugation on Sub[C/A,Po]. A conjugacy
domain in Sub[C/A, Py) is a subset of Sub[C/A, Py] closed under conjugation.
A conjugacy class in Sub{C/A, Py] is a minimal nonempty conjugacy domain.
It is necessarily of the form {H?|oc € G(C/A)}, where H € Sub|[C/A, Py).
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Let (M, P) be an e-fold ordered extension of (K, Py). Each M-rational point
a = (ai,...,an) € A defines a K-homomorphism ¢g: K[A] — M (by z; — a;),
which extends to ¢: K[C] — M. As @ ranges over all possible extensions of (g
to K[C], by Remark 4.1(f) the structure Ar ¢ ranges over a conjugacy class in
Sub[C/A, Py). Denote this conjugacy class by Ar(C/A, M, P, a), or Ar(C/A, a),
for short, and call it the Artin symbol of a.

This symbol is an enrichment of the Artin symbol Ar(C/A, M, a) of [FJ, Section
25.1], and therefore it has properties similar to those proved there:

Property 6.1: If D /A is another real Galois cover, with C C D, and a € A(M),
then, by Remark 4.1(e)), resgcy Ar(D/A,a) = Ar(C/A,a). Thus we usually
omit the reference to the cover and write Ar(4,a).

Furthermore, let Con(C/A) be a conjugacy domain in Sub[C/A, Py), and let
S be a set of (isomorphism types of) e-structures. Define

(6.2)  Con(D/A) = {H € Sub[D/A,Po]| H € S, resgc)H € Con(C/A)}.

Assume that

(*) InG(M,P)Nn Sub[D/A,Pg] = S.

Then Ar{C/A,a) C Con(C/A) if and only if Ar(D/A,a) C Con(D/A).

Indeed, if Ar(D/A,a) C Con(D/A), then definition (6.2) gives Ar(C/A,a) =
resg(c) Ar(D/A,a) C Con(C/A). Conversely, let Ar(C/A,a) C Con(C/A). As
Ar(D/A,a) C Im G(M, P), it follows from (*) that Ar(D/A,a) C S. Therefore
Ar(D/A,a) C Con(D/A). |

Property 6.3: Replacing A by an open subset A’ does not affect the Artin sym-
bol, that is, Ar(A’,a) = Ar(4, a), for each a € A'(M). |

Property 6.4: Let C'/A’ be a real Galois cover induced by C/A. le., A’ is
a nonsingular basic set contained in A, and the homomorphism K{A] — K[A']
induced from the inclusion A’ C A extends to a homomorphism p: C — C' that
maps a primitive element z of C/A onto a primitive element 2’ of C’'/A’. Thus
C = K[A][z] and C' = K[A"][/].

By Remark 4.1(c), p induces an embedding p*: G(C'/A’) — G(C/A). For each
a € A'(M) we have, by Remark 4.1(e), p* Ar(A’,a) C Ar(4,a).

For a conjugacy domain Con(A) in Sub[C/A, Py] let

Con(A') = {H € Sub[C'/A',Py] | p*(H) € Con(A)}
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be the induced conjugacy domain in Sub[C’/A’,Py]. For a € A'(M) we have
Ar(A' a) C Con(A’) if and only if Ar(A4,a) C Con(A). |

7. Projections of conjugacy domains

For n > 0 let m: A»*! — A" be the projection on the first n coordinates. Let
A C A"t and B C A™ be two non-singular basic sets such that m(A4) = B. Then
K|[B] C K[A]. Let x and (x, y) be generic points of B and A, respectively. Then
K(A) = K(B)(y). Furthermore, let C/A and D/B be real Galois covers such
that K (D) contains the algebraic closure of K(B) in K(C).

Under these assumptions we define the projection of conjugacy domains asso-
ciated with C//A. There are two cases: dimA = dimB + 1 (Lemma 7.2) and
dim A = dim B (Lemma 7.4).

Definition 7.1: Let M be an extension of K. An M-specialization of the pair
(C/A,D/B) is a K-homomorphism ¢ from C into an overfield of M such that
w(K[B]) € M and, if y is transcendental over K(B), then ¢(y) is transcendental
over M.

For such a specialization put ¥’ = ¢(y), N = M[p(D)], R = M[o(K[A])],
E = M(y') (the quotient field of R), S = M[p(C)], and F = E[p(C)] (the
quotient field of S), Then ¢ induces an embedding ¢*: G(F/E) — G(C/A)
(Remark 4.1(c)).

Assume that dim A = dim B + 1. The pair (C/A, D/B) is said to be special-
ization compatible if

(i) K(D) is the algebraic closure of K{B) in K(C),
and for every M and each M-specialization ¢ as above

(i) [K(C): K(D)(w)] = [F: N},

(iii) the cover K(C)/K(A) is amply real over K(B), and
(iv) for each involution ¢ € G(F/FE) with ¢*(¢) real the extension F(e)/N(e) is
totally real.

Assume that dim A = dim B. The pair (C/A, D/B) is said to be specializa-
tion comnpatible if K[A] is integral over K[B] and C = D. |

LEMMA 7.2: Assume that dim A = dim B+1 and that (C/A, D/B) is specializa-
tion compatible. Let Con(A) be a conjugacy domain in Sub[C/A, Py), and let S
be & a set of (isomorphism types of) e-structures. Define Con{B)} = Con(B,S) =
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resg(p)(SNCon(A)). Let (M, P) be a Frobenius field that contains (K, Py), and
assume that
(*) ImG(M,P)NSub[C/A,Pg] = S.
Then each b € B(M) satisfies:
(7.3) Ar(B,b) C Con(B) if and only if there existsa € A(M) such that #(a) = b
and Ar(A,a) C Con(A).

Proof: Let b € B(M). Extend x — b to an M-specialization ¢ of (C/A, D/B),
and let g be its restriction to D.

Assume that Ar(B,b) C Con(B). Then Argy € Con(B), and hence there
is H € SN Con(A) such that resx(pyH = Arp. In particular, resg(pyH =
wo(G(N/M)). By (*), H € InG(M,P). A diagram chasing on the foilowing
commutative diagram

1 — G(K(C)/K(D)(y)) — G(C/A) — G(D/B) — 1

1 G(F/NE) G(F/E) — G(N/M) — 1,

in which the left vertical arrow is an isomorphism by (ii), shows that the subgroup
Ho = {0 € G(F/E)| ¢*(0) € H} of G(F/E) satisfies ¢*(Hp) = H and resy Hy =
G(N/M).

Expand Hy to an e-structure Hy such that the isomorphism ¢*: Hy — H
of groups extends to an isomorphism ¢*: Hy — H of e-structures. As the
embedding ¢f maps resyHp onto resgpyH = Argg = ¢3(G(N/M,P)), we
have resyHo = G(N/M, P). Moreover, let ¢ € £;(Hp). Asresye € E;(N/M,P),
the ordering P; extends to an ordering P; on N(e). But ¢*(¢) € £;(H) and
H € Sub[C/A, Po}, hence ¢*(¢) is real. By (iv), P] extends to F(e). This shows
that Hy € Sub[F/E,P].

Since (M, P) is Frobenius, there exists an M-homomorphism : § — M such
that ¥(R) = M and Ary = Hy. Let a = ¢ o p(x,y). Then a € A(M) and
w(a) = b. Furthermore, by Remark 4.1(e),

Ar(op) = p*(Ary) = ¢*(Ho) = H € Con(A).

Therefore Ar(A,a) C Con(A).
Conversely, let a € A(M) such that #(a) = b and Ar(4,a) C Con(A). By
(*), Ar(A4,a) C S. Let p: C — M be an extension of (x,y) — a, and let @y be
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the restriction of p to D. By Remark 4.1(e), Ar @y = resg(p) Ar p, whence
Ar(B,b) = resg(p;p) Ar(4,a) C resg(p/p) (S N Con(A)) = Con(B). 1

LEMMA 7.4: Assume that dim A = dim B and that (C/A, D/B) is specialization
compatible. Let Con(A) be be a conjugacy domain in Sub[C/A, Pg]. Define

Con(B) = {G°| G € Con(A), ¢ € G(C/B)}

Let (M, P) be an extension of (K,Pg). Then each b € B(M) satisfies (7.3).

Proof: Assume that Ar(B,b) C Con(B). Extend x — b to a K-homomorphism
¢:C > M and put ¢ = ©(y). Then Ar ¢ € Con(B), so there are o € G(C/B)
and G € Con(A) such that Ary = G°. Replacing ¢ by poo~! (Remark 4.1(f))
we may assume that o = 1. In particular, G < G(C/A), and hence ¢ maps K|[A]
into M. Thus a = (b,c) € A(M), and, by the above, G = Ary € Ar(A4,a),
whence Ar(A,a) C Con(A).

Conversely, let a € A(M) such that 7(a) = b and Ar(A,a) C Con(A). Extend
x — a to a K-homomorphism ¢: C - M. It maps K[B] into M. As Aryp €
Con(A) C Con(B), we have Ar(A,b) C Con(B). |

Let us show how to make (C/A, D/B) specialization compatible.

LEMMA 7.5 (cf. [FJ, Lemma 25.1]): Let K be a finite extension of K (D). There
are Zariski open subsets A’ C A, B’ C B and a specialization compatible pair
(C'/A" ,D'/B') such that K(C) C K(C') and K; C K(D').

Proof: Assume first that dim A = dim B+ 1. Let K be a finite Galois extension
of K(B) that contains both K; and the algebraic closure of K(B) in K(C). Let
h € K[X,Y] be a polynomial that does not vanish on A. Put 4’ = A\ V(h), and
let C' be the integral closure of K[A'] in K]-K(C). We may choose h so that for
each intermediate field L of K(C’)/K(A') there is a generator {1, € C’ of L over
K(A') such that discry /x4 € (K[A'])*. By [FJ, Lemma 5.3], K[A){v-1, (L]
is the integral closure of K[A'][v/-1] in K(C'), that is, K[A'][v=1,(.] = C".
Furthermore, C'/A’ is a cover.

Let g € K{X] be a polynomial that does not vanish on B, but g(b) = 0 for all
b € B with h(b,y) = 0. Put B’ = B~ V(g), and let D’ be the integral closure
of K[B'] in K{. We may choose g so that D'/B’ is a cover. Replacing h by gh
we may assume that 7(A’) = B’. Use [FJ, Lemma 25.1] to achieve conditions (i)
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and (ii) for (C'/A’, D'/B’). By Lemma 4.4 we may choose the field K| = K(D’)
so that (iii) holds.

Let now ¢ be a specialization of (C'/A’, D'/B’). Using the notation of Defini-
tion 7.1, let € € G(F/E) be an involution such that § = ¢*(¢) is real, and let P
be an ordering on N(e). To show (iv), we have to verify that P extends to F(e).
We need some preparations. Let L = K(C')(8) and Lo = K(D')(6). As 6(() =
¢ and § = @*(¢), we have E(¢(¢L)) € F(¢), by Remark 4.1(a). But since
[F: F(e)] =2 and ¢' = K[A]V=T,C.], we get F = E[(C")] € E(v/=T,0(C0)),
and hence F(e) = E(p(¢r)). In particular, F(e) = N{e){y',¢(¢r)). Further-
more, L = Lo(y,{L). By (ii), [L: Lo(y)] = [F(e) : N(¢)(y)], and hence p maps
irr(¢r, Lo(y)) onto irr(p(CL), N{e)(y'))-

Let Rp be the integral closure of K[B'] in Lo, and let f(Y, Z) € Ry[Y, Z] such
that f(y,Z) = irr(¢r, Lo(y)). Then ¢ maps R into N(e), the field L is the
function field of V(f) over Ly, and F(e) is the function field of V(¢(f)) over
N(e).

Lemma 1.6 gives 0 # p € Rp and a finite subset {g;;| ¢ € I, j € J(i)} of Ry
such that resp, X1 = U Njes) Hro(gi;) and, if ¢(p) # 0, then resy() Xp(e) =
Uier Njesy Bnee)(#(a;)). We may assume that g has been chosen so that
p € Ry, and hence ¢(p) # 0.

By Knebusch’' Proposition 1.2 (applied to the ring Rp) there is an order-
ing @ on Ly that is p-compatible with P. By (iii) it extends to L, that is,
Q € ey Hioais) for some i € I. Hence P € (Ve i) Hre)(w(g:)) ©
resy(e)Xr(e)- This shows (iv).

Now assume that dim A = dim B. Let K be a finite Galois extension of K(B)
that contains both K; and K(C). Let g € K[X] be a polynomial that does not
vanish on B, Put A’ = ANV{(g), B = B\V(g), and let D’ be the integral
closure of K[B'] in K|. We may choose g so that K[A']/K[B’] is integral and
D’/B' is a cover. Then D'/4’ is also a Galois cover. |

8. Real Galois stratification

Definition 8.1: Let (K,Pg) be an e-fold ordered field. A normal stratification
Ao = (A", C;/Ai| i € I) of A® over K [FJ, p. 410] is real if the covers C;/A; are
real. It can be augmented to a real Galois stratification

(8.2 A= (A", C;/A;,Con(A;)| i € I),
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where each Con(A4;) is a conjugacy domain in Sub[C;/A;, Py.

Put Sub A = Sub Ay = U,c, Sub[Ci/A;, Po).

Let (M,P) be an extension of (K,Pp) and let a € M™. Write Ar(A,a) C
Con(A) if Ar(A;,a) C Con(A;) for the unique ¢ such that a € 4;. 1

We have the following analogue of [FJ, Lemma 25.5].

LEMMA 8.3: Let n > 0. For each real normal stratification Ay of A™t! over
K we can find a real normal stratification By of A™ over K and a finite family
H 2 Sub By of (isomorphism types of) finite e-structures with the following
property. Let A = (A"*!,C;/A;,Con(A;)| i € I) be an augmentation of Ag to
a real Galois stratification, and let S C ‘H. Then we can find an augmentation
B = (A", D;/B;,Con(B;)| j € J) of By with |J; Con(B;) C S, that depends on
S, such that for each Frobenius field (M, P) that contains (K, Py) and satisfies
ImG(M,P)NnH = S, and for each b € A" (M) we have: Ar(B,b) C Con(B) if
and only if
(%) there exists a € A"t (M) such that m(a) = b and Ar(A,a) C Con(A).

Proof:  Use Remark 1.3, the stratification lemma [FJ, Lemma 17.26], and Lemma

7.5 to construct real normal stratifications
A6=<A"+1,Cjk/Ajk,lj€J, kGK(])), and B():<An,Dj/Bj,|j€J>

over K with the following properties (see [FJ, Lemma 25.5]).
(a) For each j € J and k € K(j) there is a unique ¢ € I, denoted i(j, k), such
that Aj, C A;.
(b) Let ¢ = i(j,k). The Galois cover C},/A;jx induced from C;/A; satisfies
K(CY) € K(Cy),
(¢) 7=Y(B;) = Ujex(j) Ajk and m(A;x) = B;
(d) (Cjx/Ajk, Dj/B;) is specialization compatible.

Choose H so that H 2 Sub Ay U Sub Aj U Sub By, and let § C H.

Let 7 = i(j, k). Then Con(4;) induces a conjugacy domain Con(Cj,/Ajx,S) in
Sub[C?,/A;k, Po] (Property 6.4). Use Property 6.1 to define a conjugacy domain
Con(Ajk, S) in Sub[Cji/Ajk, Po] that belongs to S. The two properties ensure
that the real Galois stratification

A= (A", Cji/Aji, Con(Ase, S)| j € J & € K(j)),
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satisfies for every extension (M, P) of (K, Pp) and each a € M™+!
Ar(A,a) C Con(A) ifand only if Ar(A’,a)C Con(A).

Thus we may assume that A’ = A. Apply Lemmas 7.2 and 7.4 to augment By
to the desired real Galois stratification. ]

Remark 8.4: For By, A and § as in Lemma 8.3 we can also find another aug-
mentation B of By, with {J; Con(B;} C S, such that for each Frobenius field
(M, P) that contains {K,Py) and satisfies ImG(M,P)nH = S, and for each
b € A® (M) we have: Ar(B,b) C Con(B) if and only if

(+') Ar(A,a) C Con(A) for each a € A"+ (M) such that =(a) = b.
This can be deduced using the complementary real Galois stratification, analo-
gously to {FJ, Lemma 25.7]. |

9. Applications

Let m,n > 0. Put X =(X;,...,X,), Y =MN,...,Y,), and let Q4,...,Q,, be
quantifiers. The following expression J(Y)

(@1X1) (QmXm)|Ar(X,Y) C Con 4],

where A is a real Galois stratification of A»*™, is called a real Galois formula
in the free variables Y. Its interpretation is clear from Definition 8.1.

Let L.(K) be the first order predicate calculus language of e-fold ordered fields
augmented by constant symbols for the elements of the field K.

LEMMA 9.1: Every formula 9(Y) = 9(Y3,...,Yn) in the language L.(K) is
equivalent to a Galois formula over (K, Pg).

Proof: Write 9(Y) in the prenex normal form. Without loss of generality it is
quantifier free, i.e. of the form

\/ |:’(91(Y) A /\ /\ hijk(Y) 2 0],
i€l j=1k=1

where 9;(Y) defines a K-constructible set A; in A®, and h;;(Y) € K[Y]. We
may assume that (J; A; = A", otherwise add ¥y that defines the complement of
U; Ai, and put hgjx = —1. Replacing the A; by appropriate constructible subsets
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we may assume that they are disjoint. Finally, we may stratify each of the A;
into smaller sets, and thus assume that each A; is a nonsingular basic sets over
K, say, with generic point y; over K, and C; = K[A4;][vV—1, v/hijx(y:)| 5, k] is a
real Galois cover of K[A;].

Augment the normal stratification (A™,C;/A;| i € I) to a real Galois strati-
fication .4 by letting Con(A;) be the collection of all H € Sub[C;/A;, Po] with
e(v/hiji(yi)) = Vhije(y:) for alle € §(H), j=1,...,e, k=1,...,7;.

Let (M, P) be an e-ordered field that extends (K, Pg), and let a € 4;(M). Let
¢ K[C}] — M be an extension of y; — a, let § € Sj(M/M,P) and ¢ = p*(6).
Then \/hijr(a) = o(v/hijr(¥:)) € M, and, from the equation of Remark 4.1(a),

e fixes \/hi;i(ys) if and only if é fixes \/h;;k(a). Therefore

hijk(a) € P; & 1/ hiju(a)) € M(6) & 5(\/hijk(Yi)) = \/hijlc(Yi)-

Thus Ar(A;,a) € Con;(4;) if and only if A; Ay hije(a) >; 0. Therefore the
Galois formula Ar(Y) C Con A is equivalent to 9(Y) over (K, Py). ]

Let (K,Pg) be an e-fold ordered field, and let II be a class of (isomorphism
types of) superprojective e-structures. Denote by Frob(K,Pg;II) the class of
e-fold ordered Frobenius fields (M, P) with G(M,P) € II that contain (K, Py).

THEOREM 9.2: Let (K, Py) be a presented e-fold ordered field with elimination
theory, and let 9 be a sentence in £ (K). ‘

(a) We can effectively find a finite Galois extension L/ K with/—1 € L, a finite
family H 2 Sub[L/K, Py of (isomorphism types of) finite e-structures, and
for each S C H a conjugacy domain Con(S) in Sub[L/K,Py] contained in
S such that for every Frobenius field (M, P) that contains (K,Pg) and
satisfies InG(M,P)N'H = S we have: (M,P) =9 if and only if

(9.3) G(L/LN M,respamP) € Con(S).

(b) We have (M,P) = 9 for all (M,P) € Frob(K,Pg;II) if and only if

Sub[L/K,Po] NS = Con(S) for all S C H that satisfy
(9.4) there is G € II such that InGNH = S.

Proof: (a) By Lemma 9.1, 9 is equivalent to a real Galois sentence ¥'. Induc-
tively apply Lemma 8.3 and Remark 8.4 to assume that ¥’ is quantifier free.
Then ¥’ is associated with a real Galois stratification A = (A%, L/A®, Con(S))
of A%, with Con(S) depending on S C H. By Property 6.1 we may assume
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that /=1 € L. Let 0 be the unique point of A°. Then Ar(L/A°, M,P,0) =
G(L/LnN M,resnmP). Hence (9.3) is the interpretation of (M,P) = .

(b) Fix § C ‘H. Observe that
(9.5)

{G(L/LN M,respamP)| (M,P) € Frob(K,Pg; IT), InG(M,P)nH = S}

_ | Sub[L/K,Po]NS, if S satisfies (9.4);
6, otherwise.

Indeed, if (M, P) € Frob(K, Py; IT), then
G(L/LN M,respamP) = Ar(L/A°, M, P,0) C Sub[L/K,Po| N Im G (M, P)

and G(M,P) € II. This gives the inclusion “C” in (9.5).

Conversely, let G € II such that InGNH = S, and let H € Sub[L/K,P¢]NS.
Then H € Im G, so there is an epimorphism =1 G — H. Put H = Hn
G(L/K(vV/-1)), let G' = =~Y(H'), and $ = (H,H',£(H)). By Lemma 3.6,
& = (G,G',£(G)) is a projective Artin-Schreier structure. Let m: & — $ be the
epimorphism of weak structures induced by =: G — H.

There exists a PRC field M containing K and an isomorphism §: & — &(M)
such that res;, 0 = m: & — $ C &(L/K) [HJ1, Theorem 10.2]. Then 6
induces an isomorphism 6: G — G(M,P), where the ordering P; is induced
by the real closure M(e) for ¢ € 9(£;(G)). Moreover, resp 06 = m: G — H.
Thus H = 7(G) = resf G(M,P) = G(L/L N M, respnmP). By Lemma 3.5(a)
the orderings P, ..., P. are distinct and they are all the orderings on M. So
(M,P) is PRCe. As G(M,P) = G ¢ I is superprojective, (M, P) is Frobenius
(Proposition 5.6), whence (M, P) € Frob(K, Py;I1).

Assertion (b) follows immediately from (a) and (9.5). |

Condition Sub[L/K,Pg] NS C Con(S) can be effectively checked for each
subfamily S of H. The only difficulty is to decide which S satisfy (9.4). We list
a few interesting cases in which this is possible:

COROLLARY 9.6: The theory of Frob(K,Pg;1I) in L.(K) is primitive recursive
(a) for Il = {H}, where H is superprojective and Im H is a primitive recursive
family of finite e-structures,
(b) for T = {D. .},
(c) for L = {D(2)c,n},
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(d) for I = the class of all superprojective e-structures.

Proof: (a) Condition (9.4) is InHNH = S. It can be effectively checked.

(b) and (c) are special cases of (a).

(d) Let H = {A1,...,A,,By,...,B,} and S = {By,...,B,} C H be given
families of finite e-structures. By (9.4) it suffices to decide, whether there exists
a superprojective e-structure G such that the A; are quotients of G and the B;
are not. This is done by a straightforward translation of the notion of embedding
covers to the category of e-structures [FJ, §23]. We refer the reader to [La, §2]
for the details. |

It follows that the elementary theory of Geyer and v.d. Dries fields is primitive

recursive.

LEMMA 9.7: The expression “the e-structure B is realizable over (M,P)” is an

elementary statement.

Proof: This expression is equivalent to “there exists a Galois extension N of M
such that G(N/M,P) = B”.

Let B be given as a subgroup of Sy, by its action on {1,2,...,2n}. For a
polynomial f(Z) of degree 2n, the statement “f is irreducible, normal and there
exists an isomorphism of permutation groups 3: G(f, M) — B” is elementary [FJ,
p. 256]. In particular, it asserts that there are polynomials p1 = Z, ps, ..., p2s of
degree < 2n such that p;(z) is the ith root of f, and hence py(;)(2) = pi(2,(;)),
for each 1.

Let z be a root of f, and let N = M(z) be the splitting field of f over M.
Condition v/—1 € N is equivalent to the statement “there exists a polynomial ¢
of degree < 2n such that ¢(z)? + 1 = 0”. Finally, fix 1 < j < e and ¢ € &(B),
and let § = 37 '(¢). The condition “P; extends to N(6)” can be expressed as
follows. There is an irreducible polynomial h of degree n and a polynomial g of
degree < 2n, such that h(g(z)) = 0 and g(p.(1)(2)) = g(2), and h changes sign in
the real closure of (M, P;). Use Tarski’s Principle 1.4 to express this in £.(K).
| §

PRroOPOSITION 9.8: Let (M1,Py) and (M2, P3) be two e-fold ordered Frobenius
extensions of (K,Pg). Then (M,,Py) = (M3, P3) in L (K) if and only if

(9.9)  Kn(My,P1)= KN (My,Py) and ImG(My, Py) = Im G(M,, Ps).
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Proof: Assume (9.9). Theorem 9.2(a) implies that (M7, P) and (M», Ps) satisfy
the same sentences in L.(K'). Conversely, let (M1, P1) = (M3, P3). The first part
of (9.9) follows from [J1, Lemma 5.1] and the second part from Lemma 9.7. 1

Let (K, Pg) be a fixed e-fold ordered field with K a countable Hilbertian field.
For a sentence ¥ € L¢(K) denote A(¥) = {¢ € G(K)*| K, | 9}, where K, is
the field defined in Example 5.2. Then A(?) is a measurable set and the measure
p(A(¥)) is a rational number [J1, Theorem 8.1].

THEOREM 9.10: The function that assigns to a sentence 9 € L(K) the rational

number p(A(9)) is primitive recursive.

Proof: Put H = Im f)e, and let L and Con be as in Theorem 9.2. For each
1 < j < e let ¢; be the generator of G(L/L N K;). Then p(A(¥)) is equal to
the number of e-tuples ¢ € G(L/K)® such that (eJ',...,ec’) € G(L/K,Py)
generates an e-structure in Con divided by [L : K]°. |
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