
Orthogonal Projections

set (C) PC(x) assumptions

Rn
+ [x]+ −

Box[`,u] PC(x)i = min{max{xi, `i}, ui} `i ≤ ui

B‖·‖2 [c, r] c + r
max{‖x−c‖2,r}(x− c) c ∈ Rn, r > 0

{x : Ax = b} x−AT (AAT )−1(Ax− b) A ∈ Rm×n, b ∈ Rm,

A full row rank

{x : aTx ≤ b} x− [aTx−b]+
‖a‖2 a 0 6= a ∈ Rn, b ∈ R

∆n [x− µ∗e]+ where µ∗ ∈ R satisfies

eT [x− µ∗e]+ = 1

Ha,b ∩ Box[`,u] PBox[`,u](x − µ∗a) where µ∗ ∈ R
satisfies aTPBox[`,u](x− µ∗a) = b

a ∈ Rn \ {0}, b ∈ R

H−a,b ∩ Box[`,u]

 PBox[`,u](x), aTvx ≤ b,

PBox[`,u](x− λ∗a), aTvx > b,

vx = PBox[`,u](x), aTPBox[`,u](x −
λ∗a) = b, λ∗ > 0

a ∈ Rn \ {0}, b ∈ R

B‖·‖1 [0, α]

 x, ‖x‖1 ≤ α,

T λ∗(x), ‖x‖1 > α,

‖T λ∗(x)‖1 = α, λ∗ > 0

α > 0

{x : ωT |x| ≤ β,

−α ≤ x ≤ α}

 vx, ωT |vx| ≤ β,

Sλ∗ω,α(x), ωT |vx| > β,

vx = PBox[−α,α](x),

ωT |Sλ∗ω,α(x)| = β, λ∗ > 0

ω ∈ Rn
++, α ∈

[0,∞]n, β ∈ R++

{x > 0 : Πxi ≥ α}


x, x ∈ C,(
xj+
√
x2j+4λ∗

2

)n
j=1

, x /∈ C,

Πn
j=1

(
(xj +

√
x2
j + 4λ∗)/2

)
=

α, λ∗ > 0

α > 0

{(x, s) : ‖x‖2 ≤ s}

(
‖x‖2+s
2‖x‖2 x, ‖x‖2+s

2

)
if ‖x‖2 ≥ |s|

(0, 0) if s < ‖x‖2 < −s,

(x, s) if ‖x‖2 ≤ s.

{(x, s) : ‖x‖1 ≤ s}

 (x, s), ‖x‖1 ≤ s,

(T λ∗(x), s+ λ∗), ‖x‖1 > s,

‖T λ∗(x)‖1 − λ∗ − s = 0, λ∗ > 0



Orthogonal Projections onto Symmetric Spectral Sets in Sn

set (C) PC(X) assumptions

Sn+ Udiag([λ(X)]+)UT −

{X : `I � X � uI} Udiag(v)UT , ` ≤ u

vi = min{max{λi(X), `}, u}

B‖·‖F [0, r] r
max{‖X‖F ,r}

X r > 0

{X : Tr(X) ≤ b} Udiag(v)UT ,

v = λ(X)− [eTλ(X)−b]+
n

e

b ∈ R

Υn Udiag(v)UT , v = [λ(X) − µ∗e]+
where µ∗ ∈ R satisfies eT [λ(X)−
µ∗e]+ = 1

-

B‖·‖S1
[0, α]

 X, ‖X‖S1 ≤ α,

UT λ∗(λ(X))UT , ‖X‖S1 > α,

‖T λ∗(λ(X))‖1 = α, λ∗ > 0

α > 0

Orthogonal Projections onto Symmetric Spectral Sets in Rm×n

set (C) PC(X) assumptions

B‖·‖S∞ [0, α] Udiag(v)VT , vi = min{σi(X), α} α > 0

B‖·‖F [0, r] r
max{‖X‖F ,r}

X r > 0

B‖·‖S1
[0, α]

 X, ‖X‖S1 ≤ α,

UT λ∗(σ(X))UT , ‖X‖S1 > α,

‖T λ∗(σ(X))‖1 = α, λ∗ > 0

α > 0


